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1. REVIEW OF THE STUDY ON MEAN AMPLITUDES OF VIBRATION *) 


1.1. Introduction 


Definition of the mean amplitude of vibration. Let 
the instantaneous intramolecular distance between an 


arbitrary pair of atoms be denoted by R and the equilibrium 
distance by R.: The root-mean-square deviation 


u=[(R - 


will be called the mean amplitude of 
vibration **) and its square (u*) the 
mMean-square amplitude of vib- 
ration. Occasionally these terms are used in a 


*) See also references (42), (3¢). 


**) Some other designations which have been attached to the 
quantity of u are “average amplitude of vibrations" or 
“average displacement from equilibrium" [Karle et al., see 
(73), (74), Bastiansen et al.(5)], "mean amplitude of thermal 
vibrations" [Morino et al. (3), (97), (8), (4)|, "rms amplitude 
of vibration" (5), (66), and "standard deviation of the 
interatomic distance" [ Bastiansen et al. (19), (25), @7)]. 


Av’ 


amplitude of vibration are frequently used in the literature. 


Symbols similar to «1°» (are » etc. for the mean 


| 


1.1. 


more general sense where the meaning of R-R, in 
equation (1) is not restricted to an interatomic 
distance deviation, -but used. to denote .an arbitrary 
displacement coordinate (e.g. an angle deformation). 
The concept of mean-square amplitudes has been 
extended by Morino et.al. (#4) in the following way. 
Since a product of two vectors (R-R, ) is a tensor 
with six different cartesian components, _ it: will be 


appropriate to introducé (a 2)°: ‘called the’’m'e an - 
Square parallel ampii t‘ua'‘e; 
‘ 


(4x)* and (4y)° as the mean-square 
Perpendicular amplitude 3s, and 


the mean cross Products Axdy, 


dy 4z and 42 4x. The quantity defined by equation 
(1) coincides to the first order of approximation with 


the square-root of the parallel. component, viz. [ (az) 
where the z-axis is chosen in the direction of the line 
connecting the atom pair at the equilibrium position. 


Utility of mean amplitudes of vibration. : The’ 
importance of mean amplitudes of vibration in molecular 
etructure studies will be, understood from the following 


etatements, AS is well known, the rigid model of a 
polyatomic molecule of given symmetry in its equilibrium 
position, is defined by a certain number of parameters, 
i.e. interatomic distances and occasionally some inter- 
bond angles, To define tae actual non-rigid molecular 
model, an additional set of parqmeters are required. 

For this purpose the mean amplitudes of ‘vibration are 
very suitable. 
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1.1. 


Principles for determining values of u. Mean 
amplitudes of vibration are determined by the two 


largely different methods of electron-diffraction and 
molecular spectroscopy. There is, however, no theoreti- 
Cal foundation for the practice of referring to the 
mean amplitudes of vibration from electron-diffraction 
as “observed" in contrary to the-spectroscopical ones 
as “calculated”. The mean amplitudes of vibration are 
not directly observed by sither of the nethods,; but 

are obtained from complicated computations from the 
measured and interpreted experimental data. 

In the case of the electron-diffraction method, 
the determination of mean amplitudes of vibration was 
made possible by the progress of modern experimental 
techniques with the sector method [see, e.g. references 
(128) ,(7)]. "The experimental determination of the values 
of u is based upon the study of the natural damping of 
the various sine-terms making up the electron diffrac- 
tion intensity curve. By the visual method these natural 
damping factors could scarcely be obtained. The sector 
method, however, makes this kind of study possible. 

To secure reliable values all effects causing extra 
damping must be avoided, and the geometry of the 
electron diffraction apparatus must permit the study 
of the largest obtainable diffraction angles." (49) 

The computations of mean amplitudes of vibration 
from spectroscopic data are based on the vibrational 
frequencies as obtained from the assignment of observed 
frequencies in the infrared and Raman. This field will 
be treated extensively in the following chapters of the 
present thesis. 
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1.2. 


1.2. Survey of the work on mean amplitudes of vibration 
from electron-diffraction 


The estimation of mean amplitudes of vibration 
from electron-diffraction data was started by I.Karle 
and J. Karle (73), (77),(7%4) with their investigations of 
carbon dioxide and carbon tetrachloride molecules. 
The work was based on the fundamental paper of Debye 
(46) concerning the influence of intramolecular motion 
on electron-diffraction diagrams. 

Some features of the theory will be considered 
briefly in the following. For detailed studies, see 
Viervoll (12%) and others of the cited papers. The 
intensity from molecular scattering is given by 


9, Sin sk, 
= (2, -F, )(2,-P,)exp|-a, 58 ] 
itj 
oo 
Sin sR 
= } o(R) aR . (1.2) 

By a Pourier transform, the radial distribution function 
is obtained as 


2 
(R-R_ ) 
on - |. (1.3) 


where mainly the same notation is used as that of the 
paper of Viervoll (12%). The quantities of a,; are 
related to the mean amplitudes of vibration (u) according 
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to i tu2, Hence the value of u for a given inter- 
atomic distance may be obtained from the respective 
Gaussian curve of the radial distribution. If the 
half-width of a given Gaussian-shaped peak is denoted 
by B, one has 


u= (8 in2y (1.4) 


In practice it will be advantageous to introduce an 


artificial denping 5 ani “the 
intensity in equation (2). The effect on the radial 
distribution curve is a broadening of each of the 
Gaussian peaks, without displacing their maximum 
positions. In accordance, the following expression is 
found for the mean amplitude of vibration. 


u = [(B°/a 1n2)-2K]* (41.5) 


The theory has been revised and extended by Morino 
et al. (94). Another refinement was developed by Bartell 
et al.(44), who inoluded the effect caused by the 
failure of the Born approximation (/42), (54), and re- 
ported their corrected values of mean amplitudes of 
vibration for carbon tetrachloride (15). 

The effect of anharmonioity is of great impor- 
tance in electron-diffraction studies of mean amplitudes 
of vibration, and has actually been observed (3), (18). 
Concerning the theory, reference is made to a treatment 
by Bartell (4). 

A general discussion of the sources of errors in 
the determination of mean amplitudes of vibration by 
electron-diffraction has been given by Kuchitsu (87). 
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He pointed out that the finite sample size of the 
diffracting center is another important factor intro- 
ducing an error to the mean amplitudes of vibration. 

Internal rotation represents a kind of intra- 
molecular motion that has been subjected to several 
extensive investigations. This field, however, shall 
not be dealt with in the present work. 

References to electron-diffraction works in- 
cluding mean amplitudes of vibration of individual 
molecules are summarized in Table I. 


1.3. Survey of the work on mean amplitudes of vibration 
from spectroscopic data 


Nearly all of the reported calculations of mean 
amplitudes of vibration from spectroscopic data are 
based on the assumption of small harmonic vibrations. 
The earliest computations are reported by Debye (46), 
who gives a formula for diatomic molecules, and calcu- 
lations for carbon dioxide. Morino (93) pointed out 
that Karle‘'s electron-diffraction values for carbon 
dioxide (73) were in excellent agreement with the 
spectroscopical ones, if a correction was nade to 
Debye's calculation. An extensive treatment and 
development of the general method of computing mean 
amplitudes of vibration for polyatomic molecules is 
due to Morino et al. (97), (98), (#4) [see also Decius (8) |, 
and based on the theory of Bloch (22) and James (70). 
One of these papers (94) is concerned with the extended 
theory including the mean-square perpendicular ampli- 
tudes and mean cross products. 
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The mean-square amplitude of vibration for a 
diatomic molecule, treated as a harmonic oscillator, 


is given by ue = ue coth(hgv/2), 6 = 1/kT (k = 
Boltzmann's constant, T = absolute temperature), and 


t 


us = bh/4n(k pp)” = hv/2k . (1.6) 


Here ¥ is the vibrational frequency, k the force cons- 
tant, and u the reduced mass. For the mean-square 
amplitude of vibration for a given interatomic dis- 
tance of a polyatomic molecule, one has 


(aR)? = D (1.7) 
k 


where represents the normal vibrational frequencies, 
and Ki, are the coefficients of the transformation to 
vibrational normal coordinates, viz. 


(1.8) 


The quantities of Ki, may be calculated if all the force 
constants of the molecule are known. To determine the 
force constants from the normal frequencies, a normal- 
coordinate analysis is to be performed (see, e.g. ('32), 
(133) , (44) , (136) ]. It should be pointed out that the 
number of normal frequencies usually is insufficient 
for the determination of the complete harmonic force 
field. Consequently additional assumptions must be 

made. The method of calculating mean amplitudes of 
vibration according to equation (7) is treated exten- 


sively in chapter 2 of the pregent thesis. 


A special contribution to the theory of mean 
amplitudes of vibration has been developed by Cyvin 
(32) , (39), who produced a new secular equation, relating 
the mean-square amplitudes of vibration to the nomal 
frequencies. The relations do not involve the force 
conetants, but other unknown quantities, referred to 
as the “interaction mean-square amplitudes". The new 
method is physically equivalent to that of Morino et 
al. described above, but differs only in the wathema- 
tical techniques. It may have certain advantages for 
solving some vibrational problems, and depending on 
the special conditions it supplements Morino's method. 

Morino et al. (9%) also propose approximate methods 
of calculating mean amplitudes of vibration. Purthermore, 
approximate characteristic values of mean amplitudes of 
vibration for a number of bonded and non-bonded atom 
pairs are tabulated. K. Kimura (#), (79) and M. Kimura 
(9) report approximate calculations of mean’ amplitudes 
of vibration for bonded distances, and a treatment of 
the effect of isotope substitution, including characte- 
ristic values for some bonded atom pairs. For the C-H 
bond in particular, the characteristic mean amplitudes 
of vibration have been studied by Cyvin (26), who also 
has developed a special approximate method of calcu- 
lating mean amplitudes of vibration (37). This method 
is treated in chapter 5. 

The anharmonicity effect has been treated extensi- 
vely by Reitan (198) , (199), (140), and numerical computa- 
tions for some diatomic and symmetrical triatomic 
molecules are reported. 

The subject of internal rotation has also been 
studied extensively by spectroscopical methods, but 
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1.3. 


falls outside the scope of the present work. 

References to mean amplitudes of vibration of 
individuel molecules as calculated from spectroscopic 
data are collected in Table II. 


1.4. Correlation between mean amplitudes of vibration 
from electron-diffraction and spectroscopic data 


It may be stated that at’ present the mean ampli- 
tudes of vibration in general may be estimated with 
greater accuracy from spectroscopic data than from 
electron-diffraction, in cases when reliable force 
constants of the molecule have been determined from 
molecular speotra. The majority of cases studied show 
a satisfactory agreement between the values obtained 
from the two different methods, provided that proper 
limits of error are taken into consideration. In 
Table III a collection of examples is given. 


1.5. Use of mean amplitudes of vibration for 
determining force constants 


A precise knowledge of some mean amplitudes’ of 
vibration of a molecule may serve as additional infor- 
wation to the norma] frequencies, for determining the 
force constants of the moleoule. It may be stated that 
the comparatively great accuracy for the mean ampli- 
tudes of vibration which is claimed for this purpose, 
is difficult to reach by present electron-diffraction 
experiments. The first successfull investigations in 
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this field are due to Morino et al. (9%), who determined 
the complete harmonic force field of germanium tetra- 
chloride and carbon tetrachloride by means of mean 
amplitudes of vibration from electron-diffraction, 
combined with the vibrational frequencies from spectro- 
scopic data. Por the calculation of force constants 
from known u-values, Cyvin's secular equation method 
(32) , (39) has proved to be useful. Some aspects of the 
use of mean amplitudes of vibration in force constant 
determinations are treated in chapter 6. 


Table I. References to computed mean amplitudes ef vibration 


from electron-diffraction. 


Molecule 


Reference 


B 
Fo 


I, 


Karle (7). 
Karle (7). 


Karle (72), Almenningen, Bastiansen and 
Tratteberg (7). 


Karle and Karle (7). 
Bartell and Hirst (‘). 
Hirota (**). 

Hirota (6). 


Karle and Karle (73), Bartell, Brockway and 
Schwendeman (‘5), Morino, Nakamura and 


Iijima (9). 
Morino, Nakamura and Iijima (9). 


Kimura, Kimura, Aoki and Shibata (#4). 


» 
10 
co, 
PH, 
8,C1, 
S,Br, 
GeC1, 
TiCl, 
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1. (Tables) 
Table I (Continued). 
ZrCl, Kimura, Kimura, Aoki and Shibata (*). 
CH,C1 Bartell and Breckway ('>). 
CF Bartell and Brockway 
HCOOH Karle and Karle (7). 
CH, CH, Bartell and Bonham ('2). 
cF,CcF, Karle and Karle (74) 
CC1,CC1, Karle and Karle (75). 
CH, CF, Karle and Karle (74) 
CH 0H Kimura, Kimura and Shibata Kimura and 


Kubo 


CH,CCH,, (Allene) Almenningen, Bastiansen and Tretteberg (°). 


(Dimethyl ether) 


CF CF, Swick and Karle (49). 
cC1,CC1, Swick, Karle and Karle (‘#°), Morino and 
Hirota (%). 
$iC1,8iC1, Swick and Karle ('19), Morino and Hirota (5). 
CH,SiH, Bond and Brockway (23). 
CC1,SiC1, Merino and Hirota (5). 
CH,C1CH,C1 Ainsworth and Karle (‘). 
CF,C1CF,C1 Iwasaki (67). 
CFC1,CFC1, Iwasaki, Nagase and Kojima (7). 
CF,C1CFC1, Iwasaki 
Bastiansen and Cyvin ('?). 
(Cyclopropane ) 
(CH,),0 Kimura and Kubo (%). 


1. (Tables) 


Table I (Continued). 


C,H C1, (1.4.—di- 
chlorobutyne) 
(n-propyl 
chloride) 
(cH,),SiB, 
CoH, (Dimethy]— 
diacetylene) 


CoH, (Benzene ) 


SF 
C,H, (n-butane) 
(CH,) 
(Tropone ) 
(Toluene) 
(Pheny1— 


silane) 


C,H, (Cycleoeta— 
tetraene) 


(Bipheny!) 


Kuchitsu (*¢), 
Merino and Kuchitsu (%). 


Bond and Brockway (23). 


Almenningen, Bastiansen and Munthe-Kaas (5). 


Karle (4), Bastiansen and Cyvin (3), 
Almenningen, Bastiansen and Fernholt (4). 


Harvey and Bever (55). 

Kuchitsu (¢7), Bonham and Bartell (4). 
Bond and Brockway (23). 

Kimura, Suzuki, Kimura and Kubo (2). 
Keidel and Bauer (7é). 


Keidel and Bauer (74). 
Karle (71), Bastiansen, Hedberg and Hedberg (*°). 


Almenningen and Bastiansen (2). 


Table II. References to computed mean amplitudes of vibration 


from spectroscopic data. 


Molecuie 


Reference 


Reitan (*°#), (1°). 


Karle (72). 


12 
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0, 
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1. (Tables) 
Table II (Continued). 
Br, Karle ("*), Reitan (11°). 
I, Karle (72). 
co, Debye (**), Karle and Karle (73), Merine (3), 
Reitan (199), Cyvin (#1). 
cs, Cyvin (4). 
CSe, Cyvin 
cos Cyvin (*). 
C0Se Cyvin (1). 
Cyvin (44). 
CSTe Cyvin 
H,0 Reitan (‘°9). 
NO, Cyvin (¢). 
0, Kimora (79). 
P, Bakken (1°), Cywin and Bakken (44), Cyvin (29. 
Bakken ('°). 
Bakken (!°), 
Bakken (1°). 
BF, Bakken (1°), Cyvin (*#),(%). 
BCl, Bakken (°), Cyvin (?*), (31). 
BBr Bakken ('°), Cyvin (*), (4). 
BI, (4,09. | 
NH, Cyvin and Bakken (**). 
ND 


Cyvin and Bakken (4). 


1. (Tables) 


Table II (Continned)- 


Bakken (!°). 


Bakken (*°), Cyvin Bakken (14), Bartell 
and Hirst (‘*). 


Bakken ('°). 
Bakken ('°). 
Bakken ('°), Cyvin and Bakken (‘‘), 
Bakken ('°), Cyvin and Bakken (**). 
Bakken (!°), Cyvim and Bakken (44). 
Bakken ('°). 
Hirota (6). 
Hirota (6). 


Karle and Karle (73), Morino, Kuchitsu, 
Takahashi and Maeda (3t), Morino, Nakamura 
and Iijima (99). 


Kimura, Kimura, Aoki and Shibata (*). 


Kimura, Kimura, Aoki and Shibata (#4), 
Morino, Nakamura and Iijima (2). 


Kiwure, Kimura, Aoki and Shibata 
Kimura, Kimura, Aoki and Shibata 
Kimura, Kimura, Aoki and Shibata (*%). 
Cyvin (43). 
Cyvin 
Cyvin (*3). 
(43). 


14 
NF, 
PF, 
CHO 
cD,0 
8,C2, 
S,Br, 
Sicl, 
SnCl, 
TiCl, 
arCl, 
cD,C1 
CH, Br 
cD, Br 
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1. (Tables) 
Table II (Continued). 

Cyvin (3). 

Cyvin (43). 

CH, CH, Bartell and Bonham 

cF,CF, Morino, Kuchitsu and Shimanouchi (7), 
Morino, Kuchitsu, Takahashi and Maeda (3%). 

CH,CF, Morine, Kuchitsu and Shimanouchi (7), 
Morino, Kuchiteu, Takahashi and Maeda (3%). 

CH, 08 Kimura, Kimura and Shibata Kimura and 


Kimura Kimara and Kubo (¢‘). 


CH,CCH, (Allene) Cyvin (33), (4). 


cD,ccD, (Allene—d 4) Cyvin (33), (4). 


cc1,cCl, Morino and Hirota 
81C1,8iC1, Morine and Hireta (35). 
CC1,SiC1, Morino and Hirota (5). 
CoH. Bastiansen and Cyvin (if). 
(Cyelopropane) 
CoH, (Dimethyl— Almenningen, Bastiansen and Munthe-Kaas (5). 
diacetylene) 
CoH. (Bensene) Bastiansen and Cyvin ('9), Cyvin (35). 


(Bensene—d,) Cyvin (7), (*). 


(n—butane) Kuchitsu (7). 


Table III. Values of mean amplitudes of vibration (u) from electron—diffraction and 
spectroscopic data, abstracted from literature. *) 


Molecule Distence*) (A) Note Ref. a (A) 


El.diffr. 


Spectr. 


0 (1.208) 


0.087 (72) 


0.037 


br Br-Br (2.290) 


0.045 (72) 


0.0456 
0.0457 


co, C-0 (1.162) 
0-0 (2.310) 


0.03420.003 
0.04020.007 


0.034 
0.041 


P-H (1.437) 


0.08520 .008 


0.0862 
0.1521 


88 (1.97) 
8-C1(2.07) 
S$-C1(3.245) 
Ck-C1(4.11) 


0.0520.03 
0.0520.01 
0.08, 10.02 


7 
0.14%0.07 


0.048 
0.054 


0.087 
0.158 
0.257 


Ss (1.98) 
S-Br(2.24) 


0.08 
0.0520.02 


0.048 
0.055 


208°K. Approx. 


> | 
| 
| 
| 
| 
= a aA | 
| 
| 
| 
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Table III (Continued). 


(cr, cr.) C-F (2.306) 0.08720.01 (4) 0.0550 @7) 
F-F (2.204)  0.09520.01 0.0554 (7) 

ots 0.000*0.01 0.0939 (37) 

tr. (3,518) 0.11420.01 0.0560 67) 

CH,CF, (1.311) 0.0409 (97) 
C-F (1.321)  0.04220.065 (74) 0.0436 (@7) 

C-F (2.335) 0.060 (7) 0.0570 (37) 

P-F (2.161) 0.060 (74) 0.0540 (7) 

O-H (1.07) 0.0767 (97) 

C-H (2.06) 0.091 

E-H 0.123 (07) 

cis an 0.1365 (7) 

tr. E-F 0.004 


(3.29) 
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Table III (Continued). 


Molecule Distance “) Note Ref. Note Ref. 
CC1,cCl, 0-Cl (1.78) 0.06, 0.05, Approximate (*) 

0.06, (5) 0.07, (5) 

g- 0.18, (5) 0.13, 

tr.CkCl 0.10, (3) 0.06, (5) 

CHCl, (1.21) 0.061 (86) 0.036 Approximate (%) 
(1.4.-di- (1.48) 0.084 (t¢) 0.047 (38) 
crc, (4.07) 0.002 0.060 

(1.80) 0.088 (*) 0.054 (%) 

(2.69) 0.077 (*) 0.073 (%) 

(3.72) 0.080 0.080 (8) 

(5.09) 0.123 (*) 0.090 (*) 

(1.10) 0.077 Assumed 0.077 (**) 

(2.10) 0.092 (*) 0.120 (%) 

(3.18) 0.120 ° (8) 


(s) 
(s) 320°0 

(s) (920°) 


(s) "0-79 


(s) 990°0 (199°2)*o.. 
(s) 
(s) t90°0 
(s) t90°0 


(s) ovo'o t) 


980°0 (88°%) H-Td 
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Table III (Continued). 


Molecule Distance °) Note Ref. 


C,-C, (1.397) 


C (2.419 
0.0897 


C.-C, (2.795 


) 
) 
(1.084) 
C,H, (2.149) 

) 


C5" H, (3.405 


| 
| 
| 


C,H, (3.881) 


| 
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| 
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Table III (Continued). 


Distance) mettre. "et 


c-a (2.188) Bef ined 0.100, 

O-H (2.78)  0.1820.04 (4) 

CH (3.60)  0.138f0.05 (24) 

¢7) 
(t7) 
g- 


*) For additional spectroscopic u-values, see Table LI. 


*) The equilibrium intcratomic distance values listed in parantheses are quoted from the 
respective electrondiffraction works. They ere not intended te give accurate information, 
and in many cases they are not equal te the"truc’ equilibrium distances. For a serious study 
of the equilibrium parameters, the cited papers should be consulted. 


0.085-$0t0.007 , 040<0.03 


©) 9.067- $br0.007 , 0£b< 0,06 
4) The figures in paranthesee refer to the gauche form; the others to the trans form. 


2. THE RIGOROUS METHOD OF CALCULATING MBEAN AMPLITUDES 


OF VIBRATION 


2.1. Theo 


The method which is going to be described in this 
section is based on the assumption of small harmonic 


._ Vibrations. In spite of this approximation it is usually 


referred to as the rigorous method for computing mean 
amplitudes of vibration. 


Diatomic molecules. The harmonic oscillator is 


taken as the molecular model of a diatomic moleoule, 

and the Sohrédinger equation yields the following result 
for the eigenfunctions and the corresponding energy 
values [s0ee, e.g. reference (136) }. 


= exp[-$70"] H (2.1) 
= hy(v +4) , pot (2.2) 


vis the vibrational frequency, k the force conetant and 
p the reduced mass. The normalising factor is denoted by 
N, and H, is the Hermite polynomial. If Q denotes the 
normal coordinate, the introduced constant y is given by 


Y= 4n°v/h . (2.3) 


In a given vibrational state, characterized by v, 
it is found for the mean value of Q* [see, e.g. (4%) ] 


2.1. 
2 2 22 
= dQ = (1/7) (v + = (1/40 (2.4) 


The quantity a is determined in the following way by 


taking the mean of (a), over all vibrational states 


according to the well-known statistical distribution 
law. 


(1/4n*v*) >», / 


= (h/8n°v) coth(hpy/2) . (2.5) 


Here §=1/kT, where k is Boltzmann's constant and T the 
absolute temperature. 

The interatomic distance deviation, r, is proportio- 
nal to the normal coordinate (Q) according to 


(2.6) 
Hence the mean-square amplitude of vibration (u*) equals 


= re = : (2.7) 


yielding the result 


= re = (b/8x° py) coth(hpy/2) . (2.8) 
In many cases of not extremely low frequencies the 

temperature-dependent factor can be omitted by computations 

at usual temperatures. In practice, coth x may be put 
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; 
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| 


equal to unity for x>4, corresponding to approximately 
w/o >1600 om™' at T = 298 °K. The formla (8) thenre- 
duces to 


= = , (2.9) 


representing the mean-square amplitude of vibration in 


the ground state (T = 0), viz. (92) 


v=0 


Polyatowio molecules.*) Let Sdenote a column 
matrix consisting of an arbitrary number of displacement 
coordinates, which very well may be a set of interatomic 
distance deviations. The displacements are expressed in 
terms ofthe normal coordinates of vibration by 

S$ (2.10) 
in matrix notation. Now the symbol X will be used to 
denote a matrix where all the elements are the mean 
values of the corresponding elements of X. Then the matrix 


SS=L(QQ)L (2.11) 
is to be considered. The wean-square values of the Ss 


coordinates appear along the main diagonal, and a 
specific one of them is expressed by 


2 
= ‘ (2.12) 


Here L, denotes the column matrix which is composed of 
the coefficients Ls of the expression 


*)For the original development,see Morino,Kuchitsu and Shimanouchi (97). 


P.1. 


By a quantum-mechanical treatment it is found 
[see reference (9) and references cited therein] that 


QQ actually is a diagonal matrix with elements of the 
same form as the derived expression (5) in the case of 
diatomic molecules, viz. 


= coth(hpy, /2). (2. 14) 


Here Vy is the normal frequency attached to the normal 
coordinate Q- Consequently, equation (12) may be 


written 
si Lin (2.15) 
or 
« (h/8n°v,) coth(hg./2) (2. 16) 
j jk k 


k 


The most laborious part of this method is represen- 
ted by the computation of the quantities Li: The gene- 
rally adopted procedure, first introduced by Wilson (4), 
(99) may be followed, and shall be outlined in the 
following. *) 

Now let § denote a column matrix consisting of a 
complete set of internal coordinates, and |, the matrix 
which transforms the normal coordinates into the § 
coordinates [cf. equation (10) |. The energy matrices, 
viz. the potential energy matrix F and the inverse kinetic 
energy matrix G in terms of the S$ coordinates have to be 
constructed. **) The F matrix is built up of a set of 


*) For general references to the theory of molecular vibrations, 
see Dennison (49), (5°), Wilson (!3*), (133), Eliashevich (53), and 
(111), (5), @2),@!). For textbooks, see (+4), (29), (137) , (136), 
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2.1. 


force constants, the G matrix containing the wasses of 
the atoms and occasionally the equilibrium paraneters 
of the molecule in question. The following relations 
involving the matrix L exist. 


Here A is a diagonal matrix with elements A, along the 
diagonal, given by 


| (2. 18) 
E is the identity matrix. Prom the relations (17) the 
homogeneous set of equations 


is deduced, where bi) represents the columns of the L. 
matrix. Hence the elements Li may be determined by the 
standard method of characteristic vectors applied to the 
GF matrix. The restriction for non-vanishing solutions 
of equation (19) yields a secular equation of the form 


IGF -AEj=0, (2.20) 


which is used for detecting the relations oonnecting the 
normal vibrational frequencies and the force constants. 
It will be profitable to chose the coordinates of 
S as a set of symmetry coordinates. Then the energy mat- 
rices reduce to a symmetrized form with non-vanishing 
elements concentrated along the main diagonal in a manner 


**) The vibrational part of the potential energy (V) and the 
kinetic energy (T) may be expressed in terms of these matrices 


by 2v-SFS ana - $678, 


| 
(GF - AE) Ly) =O (2.19) 


that can be predicted by group-theoretical considera- 
tions. The secular equation will be factorized 
accordingly. If the symmetry coordinates $ are formed. 
by Wilson's method as an orthogonal traneformation of 
a set of valence force coordinates, one has 


$ =Rq , q=RS, (2.21) 


where q represents the valence force coordinates and 
R is the traneformation matrix. 

To compute the mean amplitude of vibration for a 
given interatomic dietance deviation r, according to 


i 
@quation (16), the transformation coefficients of 


= > (2.22) 


are needed [eee equation (13)}. Let a representative 

set of interatomic displacements between all types of 
atom pairs (bonded and non-bonded) of a molecule. be 
collected in a column matrix aenoted by fr . To compute 
all the mean amplitudes of vioration, the traneformation 
matrix K of 


r=KQ (2.23) 


is required. The following procedure has proved to be 
practically useful for computing the matrix. First the 
interatomic distance deviations are expressed linearly 
in terms of valence force coordinates from geometrical 
considerations, i.e. the transformation 


r= Uq (2.24) 


is determined. Next the displacemente are expressed in 
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2.1. 
terms of the symmetry coordinates as 
r=VS. (2.25) 
From the transformation of equation (21) it is found 
vV=uR. (2.26) 


Finally tne desired matrix of equation (23) is obtained 
from the relation 


K=VL = (UR)L . (2.27) 


2.2. Application to simple moleoular models 


It may happen that the normal frequencies of a 
molecule are dietributed among the symmetry species 80 
that none of them contains more than one eingle frequency 
which, however, may be degenerate. In such cases the 
secular equation (20) will factorize into linear equa- 
tions, the symmetry coordinates will be proportional 
to the normal coordinates, and simple explicit expressions 
for the mean amplitudes of vibration may be evaluated. 
In the present section this sort of calculations will 
be reported. 


Diatomio molecules. The XY 


r molecular model (Fig.1) is con- 
o—) sidered, and the symbols Ky and 
fy are used for the inverse masses 
Fig.1. Diatomic of the X and Y¥ atoms, respectively. 


molecule model. r de- The formula listed in Table IV is 
notes the interatomic obtained immediately from equation 
displacement. (8) by substituting (py +p y) for 


2.2. 


 . The force constant k appearing in equation (2) is 
given by 


=Alpy + py)! = uy + (2.28) 


By introducing k, the formula of the mean-square amplitude 
of vibration may be written 


= re = Footh (hg (2.29) 
Linear symmetrical XY, molecules. *) The case of 


linear symmetrical XY, molecules (Pig.2) will be treated 
in some detail as an illustration of the method. Since 
the displacements to the first order approximation are 
considered, only the non-degenerate normal modes of 
vibration need to be taken into account, viz. the totally 
symmetrical vibration of frequency Vir and the normal 
vibration of frequency v3 belonging to the symmetry 
species Aoy: The following symmetry coordinates are 
formed. 


The energy matrices in terms of the valence force coordi- 
nates given on Fig.2, and the symmetry coordinates of 


Fig.2. Linear symmetrical XY, molecule model The symbols 
i, and Fo denote the respective deviations from the equilibrium 
X-Y distances. 


*) See aleo references (33), (°*), (0%. 
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equations (30) are summarized below. *) 


To 
r k k’ r + 
k To tHy 
S, 8., 8, 8, 
s k+k' 0 8 
1 Py 
+, 


Accordingly the linear part of the potential energy (V) 
is given by 


QV = + 2k'r,r, = + (k-k*) 85 (2.31) 


and the introduced force constants, viz. k and k' may be 
interpreted as the bond stretohing and the bond-bond 
interaction constants, respectively. The secular equation 
gives the following relations for the frequencies or A- 
values [of. equation (18) ], 


Ay = (k+k') Ky» As (k-k*) (2.32) 


which may be solved for the force constants with the 
result 


*) The elements beneath the main diagonals of symmetric matrices 
are omitted. 


| 
— 


(2.33) 


The connection between the symmetry coordinates and the 
normal coordinates is 


The two types of interatomic distance deviations 
are represented by 


4 
Tyy = 2°*(8,+83) = 2 pte, +2 (2.35) 
and 
Prom these expressions the mean-square amplitudes of vibra- 


tion, viz. and may be computed 


with the result listed in Table IV. By introducing the 
force constants from equations (31)-(33), the formulae 
may be written 


u2_y = (h/en)[ * cotn(ng »,/2) 


= (h/2n) (cake coth(hé »,/2) ‘ (2.38) 


Regular trigonal is molecules. In the case of a 
regular trigonal X molecule model (Fig.3) there are two 
normal vibrations, viz. the totally symmetrical one (y,) 
and one doubly degenerate (%5)> The mean-square amplitude 


34 
(2.34) 


Fig.3. Regular trigonal X, molecule 
model (Dy): The symbols denote the 


respective interatomic displacements. 


formula is given in Table IV. The complete harmonic force 
field is given by 


For the force constante the following relations are de- 
duced. 


With these force constants the mean-square amplitude of 
vibration may be written 


«= (n/4n)ugt [ coth(hpy,/2) 
+ coth(bpy,/2)} . (2.41) 


Plane square X, moleoules.")The frequencies of the 
four in-plane normal vibrations of this molecular model 
(Pig.4) are denoted by (symmetry species 

Yo (Big)) v3 (Bog) and V5 The respective mean- 
Square amplitudes of vibration for the bonded and non- 
bonded XX distances are listed in Table IV. Let the 
in-plane part of the potential function be given by 


*) See also reference (16), 
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2 
+ 2k +03) + 2k 


+ 


ade 
+ 2f°R (a 


+ 


+ 


2g'R[r, (asta, +65 (a,+0,) +r, ‘ 
(2.42) 


The following relations sexist for tne force constants, 
f-2f'+f" (2.43) 
-1 
k-k"+2(f-£")-4(g-6') = » 


and the mean-square amplitudes of vioration may be 
expressed in the following way. 


n 
Fig.4. Plane square molecule model 
(D,,)- The symbols denote the respec- 
tive deviations from the equilibrium 
‘ bond distances and inter-bond angles. 


The eqailibrium length of the X-X 
x distance is denoted by R. 
r 
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+ 00 th (hg v,/2) 
+ Mootn(npy,/2)} , (2.44) 
ws = ootn(ng y,/2) 


+ ooth(hpy,/2)] .(2.45) 


Tetrahedral a4 molecules.) The notation used for *he 
frequencies of the normal 
vibrations of tetrahedral 
molecules (Pig.5) is 
ae follows: Vy Tor the 
non-degenerate frequency, 
Vp for the doubly degene- 
rate and Vs for the triply 
degenerate frequency. The 
mean-square amplitude of 
Vioration is given in 


Table IV. The complete Fig.5. Tetrahedral X, molecule 
harmonic force field is model (2,). The symbols denote 
given by interatomic displacements. 


= + 2k" [(r,+r,) 


For the force conetants of this equation one has 


*) See also references (17) , (105), (G8), @9). 


| 


Table IV. Mean-square amplitudes of vibration of simple 


molecular models.I. 


Molecule Distance 


Mean-square amplitude of vibration 


Diatomic (h/8x"y) (u, + by) coth (bs v/2) 
EX coth /2) 
+ (tu, + coth(bév,/2)) 
Ju, coth (hf v,/2) 
+ 
+1 + vg 
coth(ne »,/2) 
+ coth (bf v,/2) 
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k = + 8A, + 6 As) 
k"= + 8A, - 6A5) 


and the mean-square amplitude of vibration may be put in 
the form 


+ $ (1-24 oo th (hp v,/2) 


2.3. Application to the plane trical XY 
molecular model *) 


3 


The rigorous method of computing mean amplitudes of 
vibration described in this chapter (section 2.1) is now 
going to be applied to the plane symmetrical XY, molecular 
model. The normal-coordinate analysis will be carried out 
in details, and numerical calculations for boron tri- 
fluoride will be reported. 


Molecular symmetry. Much information concerning 
molecular vibrations i® obtained from group-theoretical 
considerations. The considered molecular model (Fig.6) 
belongs to the symmetry group Dep? and the characters of 
the irreducible representations of this group are given 
in Table V |see, e.g.,(*%)]. The table also includes the 
characters (y) of two reducible representations and the 
respective symmetrical structures (n). The former one, 
with the ¢haracters aenoted bY.Xq: is obtained when a 


*) See also references (104), (24). 
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complete set of internal coordinates is taken as the 
basis of the representation. The corresponding symmetric 
structure, given by the numbers Nos way be written in a 
symbolic way as 


r(Q) = Ay + 2E' + AS (2.49) 


and shows how the normal vibrations are distributed among 
the symmetry species. The latter reducible representation 
ie obtained when one of the following synuetric equivalent 
sets are taken as the basis: (i) The bona displacements 
and (ii) the angle displacements and 


or (iii) the three non-bonded distance deviations r*. One 
of the normal vibrations, viz. that of species A*, is an 


Fig.6. Notation used for the plane symmetrical XY, molecular 
model (D,)- The symbols denote the deviations from the 
equilibrium distances and angles. r* represents the inter- 
atomic Y-¥ displacements of a non-bonded atom pair. The 
equilibrium length of the X-Y bond is denoted by R. 
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Table V. Characters (x) and symmetrical structures (n) for 


some representations of the symmetry group Dan’ 


At cigns 1 1 
As 1 1 -f 0 0 
2-10 2-1 0 2 1 
1 4 0 0 
An 1 0 
E" 21 0 2 1 0 0 0 


out-of-plane motion. Since the present treatment is 
based on the assumption of small harmonic vibrations, 
only the in-plane vibrations need to be considered. 

The six r ana o coordinates represent a set of 
in-plane valence force coordinates, where one redundant 
condition is involved. A set of in-plane symuetry 
coordinates may be formed as linear combinations of the 
valence force coordinates. The following expressions 
have veen evaluated. 


Symm. species Aj: S, = 


Symn. snecies 


(2.50) 
4a 


= 6 R( 2a 


= of 

s 2*(r,-r2) 
Sym. species 3b “4 
2 R(o,-a5) 


6 0 0 4 2 2 hg 
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A complete, orthogonal and normalized set is obtained 
if the following redundant coordinate is added to these 
coordinates. 


It should be noticed that the angle deviations a have 
been multiplied by the bond length R. 


Energy matrices. The in-plane part of the potential 
energy function in terms of tne coordinates of the types 
rand Ra defines a set of force conetants, given by the 
F matrix. The elements of the correspondingG matrix 
may be determined by means of tabulated formulae (47), (#6. 
These matrices are given in the following. 


To Ra, Ra, Ra, 


ry k k* g' 
F: 
f f° 
Ra. f 
Ro, Ra, Roz 


4 


*5 | 75 


— 


2.3. 
Ro 
Ra, Hy t2phy 
G Roy 
Ro. 4 


43 


Ra, Rog 
Hy thy 


The form of the symmetrized QF anaG 
matrices is deducible by group-theoretical considerations. 
According to equation (49), they will consist of a one- 
dimensional block for the coordinate of species Aj» and 
two identical two-dimensional blocks for the degenerate 


pair of coordinates of the species E'. The elements of 
the energy matrices in terms of the chosen symmetry coordi- 
nates have been evaluated by meane of the transformation 


given by equations (50), and are specified below. 


species 


8, 


Symn. species a 


55 


s 


4 


Sym. species E' 


8, s 4 
8, 


Symm. species E' 


5, 


£( 3p +2, y) 


Normal frequencies. The secular equation yields 
the following expressions for the normal vibrational 
frequencies (A= 4n°v*). 


AgtAy = +( Kot39 ) (Spy t2py) + (2.52) 


In these equations K,, K,, ® andl are the force 
constants of the symmetrized potential energy matrix, 
i.e. 


K, = k+2k', Ky = k-k', f-f', = g-g'. (2.53) 


1 


Interatomic distance deviations. The two types of 


interatomic distance deviations are represented by 
r= ; r* = £3*(x,4r5) +{Ra,. (2.54) 


These quantities in terms of the symmetry coordinates are 
expressed by the linear combinations 


r= tots, , rs 4s, (2.55) 


Numerical computations for boron trifluoride. To 
determine the complete harmonic force field of a molecule 
of the considered type, a further piece of information is 
needed in addition to the normal frequencies of the mole- 
cule. In the present work the complete in-plane harmonic 
force field for boron trifluoride has been determined from 


¥3 and for ''BP,, together with 


the additional frequency Vs for pr... For the numerical 
values, see Table VI. [For other calculations, see (¢4), 
(65) , (126) , (28) , (434) , (104). ] 


the frequencies v 
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Table VI. Experinental vibrational frequencies and 


calculated force constants of boron trifluorides. 


Fundamental frequencies ( 


Species No. “BF, BF, 
Ay 1 888 888 
3 1453.5 1504.7 
480.4 482.0 
Force constants (mdyne 
K, 8.8236 k 7.8791 
K, 7.4068 0.4723 
r 


-~0.63980 —0.63980 


©) From reference (¢4); observed fundamentals. 


Table VII. Ceefficients of transformations involving normal 


coordinates for 


3 
0.22942 
0.43455 0.0013308 
0.54129 . 0.52299 
0.13245 0.35481 0.0010866 


0.22942 —0.086294 0.21257 


= 
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Table VIII. Mean amplitudes of The symmetry coordi- 

vibration in ‘EP. nates and subsequently 
the interatomic distance 
Mean amplitude in A deviations for boron tri- 

= fluoride of the iso- 

BF 0.0424 0.0425 tope have been expressed 
as linear combinations 
of the normal coordinates 
(Q). The numerical values 
of the coefficients are given in Table VII. 

Finally the mean amplitudes of vibration were calcou- 
lated at the temperatures 0 and 298 %, and are listed in 


Table VIII. 


Distance 


0.0517 0.0552 


2.4. Application to the oyclopropane molecular mode} *) 


In this section the nine-atomic cyclopropane model 
(X¥¥"), is studied. The case is found to be appreciably 
more complicated than that of the previous section, but 
still the rigorous method is practically applicable. 


Molecular symmetry. The cyclopropane molecular 
model (Fig.7) belongs to the symmetry group Don in its 
equilibrium position, which is determined by the following 
structural parameters: (i) The equilibrium X-X distance, 
denoted by D,; (ii) the X-Y distance, R, and (iii) the 
equilibrium YXY' angle, 2A. The equilibrium value of the 
XXY angle is identified with the symbol B. The following 
connections exist between the quantities A and B. 


cosa = -23f00eB , ocos2a = $(5 - Bein®B) . (2.56) 


The character table of the actual group is shown 


*) See also reference (136) pp. 137-140, and reference (57). 
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Fig.7. Notation used for the cyclopropane molecular model 
The symbols denote deviations from the equilibrium 
distances and angles. 

In addition, the following symbols are adopted (i = 1, 
2,3). 


r* denotes the displacement for a XY or X::Y' distance 
between non-bonded X and Y atoms, 
t represents the Y:--Y' displacements for a pair of Y atoms 


attached to the same X atom, 
t* represents the Y-Y and Y'---Y' displacements, and 


t** represents the displacemehts at different X atoms. 


| 
AS 
Ar 


in Table IX, also inoluding the characters () of 
several reducible representations and the respective 
symuetrical structures (n). The subscripts attached to 
the symbols x and n in Table IX refer to the various 
sets of symmetric equivalent. coordinates which were 
taken as basis of the group representations. The 
characters denoted by Xg refer to a representation 
based on a complete set of internal coordinates. The 
corresponding symmetric structure (n,) may be written 


= + AZ + + AY + + 3E* (2.57) 


and indicates the symmetry properties of the twenty- 
one normal modes of vibration. For further explanations 
of the adopted symbols references are made to Mg.7 
and the adherent text. 

A complete set of symmetry coordinates has been 
formed as given by the following expressions. 


s, 6 4 


+ L 
| 8, = , 
Species A): 8, = 


ba” 12°F (ar 

6 (aD)F (28 


Species 
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0 & F 8 
uy 0 8B 
0 o o 8 o 
& o t & 0 F 8B 
Pa 
duo12 


2.4. 


Species 


Species Ay? 


Species 


Species 


Species 


| 


50 


(RD)E 

12°F (ar 
(9-95) 

Siop™ 


Potential energy matrix. By symmetry considerations 


the complete harmonic potential field is found to be 

descrived by twenty-seven force conetants. The following 
symbols are applied: k for a bond stretching force cons- 
tant or a bond-bond interaction, f for an angle deforma- 


tion (including wagging, twisting and rocking) or angle- 
angle interaction constant divided by RD, and g fora 
bond-angle interaction constant divided by (ap). The 
form of the potential energy function in terms of the 


choeen internal coordinates, viz. r, da, and the given 
combinations of the a's multiplied by (RD)% (see Fig. 
7), may be deduced from Table X. Let for instance the 
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Table X. Force constants of the complete harmonic force field 
of a cyclopropane type molecule. *) 


— 


ky ky Sax 


0 g,., “th, 0 “She “Crt “Sie 
a, 0 0 0 0 0 0 0 
9h 0 0 0 0 0 
fi 0 0 0 0 
feo 
= 


force constant correeponding to the term (RD)¥r3m5 


' be wanted. By the syunetry operation cs the considered 


product ie traneformed to hence the desired 


force conttant is found to be Ein in the applied notation. 


| = 
fy 
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In addition to the constants of Table X tne force 
constants attached to the valence angle coordinates a 
(see Fig. 7) are tabulated in a similar manner in Table 
XI. The connection between the two sets of angle deforma- 
tion and angle-angle interaction constants is given by 
Wilson, Decius ana Cross [reference (1%), p.139]. In the 
present notation it may be-written 


$(f+h+i+j), 


f,=a-b+e =e+g 


$(f+h+i+j), 
$(f-h+i-j), 
=e -g + $£(f-h+i-j), 


a 

a 
a-b-cr+d, fgze-g 

(2.59) 


=a+t+b-c- 
fi, = - £(f+n-i-j), f= . 
For completeness the corresponcing expressions containing 


the: bond-angle interaction constants are given in the 
following. 


=k +1, £(men+p+a), 
(2.60) 


The potential energy matrix in terns of the Syunetry 
coordinates is given in Table XII. The two aegenerate 
sets of coordinates belonging to the species E' and E" 
contribute with identical blocks to the matrix in 
accordance with the theory. For orevity only one block 


of each species is included in the table. 


d b b d 


o > 4 © & © 
é 
W 
on 
| 
} 
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fuble The symietivized potential energy matrix for the 


cyclopropane oleculsr uodel. 


Kra 
Species Ai { S, Ka lar 
Species ALS, 
Ss K' 
Px, 
Sg Pn, 
% Se | “vc 
Species Ay Sp P> 
11 E 
S12 Kee 
Species E" Si5 > Ds; 
kK. tek Ks k a 
{= m = 
4 
Ke = +2k"-2k Kea” 2 


| 
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Table XII (Continued). 


D, = Pn = 
eee 
Ua” Sax Sax 
(e,,-€;,) 


inverse kinetic energy matrix. The elements of 
the inverse kinetic energy matrix in terus of the chosen 
internal coordinates (Fig. 7) have been constructed by 
means of tabulated formulae (47), (3%), and are given in 
Table XIII. The corresponding G matrix has the same 
form as the F matrix composed of the elements from Table 
X, disregarded from the fact that sone more of the & 
matrix elements vanish. 


The elements of the G matrix in terms of the 
symuetry coordinates are given in Table XIV. 


In Tables XIII and XIV the following aboreviations 
have been applied. 


2.4. 


56 


Teble ALII. Elements of the inverse kinetic ezergy matrix for 


the cyclopropane molecular model. *) 


a, 
ry seosB + 
a, 

964 [ (D/R) ($Su ein + + (R/D) Cu, 
Cu,sinB 
1 
a, —}[(D/RY SoinB + cotB]h, 
954 ~ [4ScosB + £(8/D)C]p, 
ry 0 
a, 0 


9 


ya ST 


2.4. 
Table XIII (Continued). 
(n/p)* Cy.,sinB 
dy - cosB] (u,/sin8) 
9% [FcosB — £(B/D)]Cu, 
— [ (cotB/sinB) —7(8/D)C]u, 
0 $(n/p)* Su,sinB 
a, 0 0 
0 0 
4[ (n/D)* ]su,sinB 
a, 0 
? 


| 
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Table XiII (Continued). 

(B/D) 

a, 0 

9% 

(3/D)]5n, 


(Rp)* (1/sin’B) [ (4/sinn) 4]. 


2 
25) -is 3 


= ~[ (1/sin®3) - 4) = 


C = (i/sin 
(2.61) 


Hx and Hy denote as usual the inverse masees of the X 


and Y atoms, respectively. 


Interatomic distances. In cyclopropane there are 
six types of interatomic difetances. The notation for the 


deviations from the equilibriunx distances is given by 
Fig. 7 with the added text. The equiiibriw lengths 
are denoted by the corresponc¢ing capital letters. For 


the non-bonded distances it is found 


R* = (R° + D* - , 


= 2Rsina , = D 2RceosB , (2.62) 


+ (u/a)t ] 


x(a /a) + x4 /a)¥ qs oo Rasy g 


Ls 9, 


Xig(a/a) + — ] 


(a/a)¥ 


quyeXrig Xue 


agate” £- qsoo™n 


Table XIV (Continued). 


Sg 
Seis. (p/n)* (n/p)*cosB) (u,/sinB) 
B! 
8, 3*[FeosB — 
8, [ (0/8) - pycosB] ft BY eu, 
So 
AN 8, (D/2) (u,/ein”B) 
Sia 
in2B 
10 A+ uy J 
$(D/R) ( Atu,)S 


s{*"[(a/a)e — asooy] — (Aney, soo¥rtg) (n/a) 
Xrig[(a/a) 


+ 


AIX 


g 
| 
| | 
+ 
= 
a { 
| 
| 
| i 
2 
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2.4. 


Interatomic distance deviations. A representa- 


tive set of six interatomic displacements in the 
cyclopropane molecular model nas vesn expressed 
linearly in terms of the introduced internal coordi- 
nates (see Fig. 7) with the following result. 


(%,-Y¥,) 


r= (1/R*)[(R-DoosB)r, + (D-RoosB)d, 
+ ,+m,+ , 


(X,,-X d = a, 


3) 
t= - $(8/D) (008%A/sima) 


+ #R(sin2B/sinA) 


-cosB(rj+rz) + a, 
t’* = (1/2"* ) - DeosB }(r,+r3) 
+ (D-2RcosB)4, + 4(R°/D) coe*B( 2a 
+ }ReinB(D+$RoosB) 
(2.63) 


The same quantities are going to be expressed in terms 
of the symmetry coordinates. From Teble Ik it may be 

stated a priori which of the symmetry species contri- 

bute to a given interatomic displacement. AS an 

example, only sowe syumetry coordinates from A}, E’, 

A and E" will contribute to the coordinate t™”. The 

following expressions have been deduced. 


| 
| 
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r= 6 §, +3 +. 6 Sig 3 s 


j2a ’ 


+ 37#(D-RoosB)S, 
+ (R-DoosB)s,, - 6-#(D-RoosB) (5, 


+ 6-4(R-DoosB)S, + 12° 


+ - , 


13b 

d = 34s, + tots, , 

t= teks, SinA + $3" £(n/p)* (sin2B/sina)s, 

+46 £ (n/D)* ( cin2B/sina) 

Y= coos + + 


+ sits 


t** = (1/2** }{ 28 
+ (D-2RcosB)8, 
+ 5, 
+ $(R°/D) 00 

6"£(n/D)* 

- (R/D)* sinB(D-2RcosB) (ot } 
+ 


12b 
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6~4(n/p)* 85, 


+ 2° £(n/p)* 8,4, 
(2.64) 


Experimental data for cyclopropane and cyclo- 
propane=-d_ - Cyclopropane molecules have been subjected 
to many spectroscopic investigations, some of the most 
recent ones being reported by Baker and Lord (9), 
Glnthard, Lord and McCubbin (57), and Mathai, Shepherd 
and Welsh (0). 

The observed fundamental frequencies used in the 
present calculations are given in Table XV, and partially 
taken from reference (9%) (infrared data for the gaseous 
state and some Raman data for the liquid phase), and 
from reference (90) (Raman data for the gaseous state). 

For the equilibrium parameters, the folloming 
data have been adopted *) 


(C-H, C-D) R= 1.0894, 
(C=C) D= 1.509 A , 
(CCH, CCD) B = 113.64° . 


The corresponding YXY' (HCH or DCD) angle is 2A = 
124.84° . 


Introductory remarks to the calculations. In the 
paper of Gtinthard, Lord and McCubpin (57) a vibrational 
analysis is given, including the calculations of force 
constants for cyclopropane. It should be noted that the 
F and G matrices of the cited paper (57) are not directly 
comparable with those of the present work, because of the 


*) Almenningen, A., Bastiansen, 0., Fernholt, L. and Skancke, 
P.N. (Unpublished) 
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Table XV. Observed fundamental frequencies fer cycloprepane 


and eye lepropane—d,. 
Species Ne.*) Fundamentals 
(eas) (Ii guia) 
Raman Raman °) 
2 (@,) 3038.0 2236 
Ay 1188.0 956 
2 (@,) 1479 *) 
CH, (gas) CoD, 
Infrared °) 
at (@,) 963 
CH, (ges) (gn) 
Infrared °) Infrared °) 
8 (9) 3028.1 2211.4 
10 (@,) 1028.7 886.9 
(@,) 1441.8 1074.3 
11 (Q,) 868.5 780.1 
(ees) 
Raman 
aS 4 1132.5 
(eae) (ans) 
Infrared °) Infrared °) 
6 3102.9 2396 
7 854 614 


= 
| 
t 
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2.4. 
Table XV (Continued). 
CoH, (gas) (liquid) 
Raman Raman 
12 (@,5) 3082.2 2329 
E" (2,5) 1188.0 - 
14 (2,4) 738.8 528 


7 The adopted numbering of frequencies is the same as that 
of the papers of Lord et al.(%),(°"). The present numbering 
of coordinates is somewhat different, as seen from the nor— 
mal coordinates listed in parentheses. 


by Reference (3°). 
°) Reference (9). 
% Estimated from a combination band (%). 


different choises of symmetry coordinates. Apart from 
such differences, the two sets of force constants still 
differ for the following reasons: (a) The calculations 
of the mentioned paper (57) are based on liquid phase 
fundamentals. In the present work, the fundamentals for 
the gaseous state are used when available. (b) Slightly 
different approximations have been assumed by the esti- 
mations of anharmonicity constants in the two cases. 
(c) The equilibrium data here reported are newer and 
somewhat different from those used by Glinthard, Lord 
and McCubbin, viz. R = 1.08 A, D = 1.535 A, 2a = 118°. 
(ad) Somewhat different approximations have been intro- 
duced in the reducing of the number of unknown force 


constants. 


= 
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Estimation of the normal frequencies for cyclo- 
propane and cyclopropane=d¢ - The normal frequencies (w) 
were computed from the fundamentals (v) by means of 
approximately estimated anharmonicity constants (x), 
following the uethod proposed by Dennison (50). The an- 
harmonicity constants are defined by the equation 


Let the quantities for the deuterated molecule (C.D¢) 
be identified by an asterisk. If the approximate 
assumption 


* * 


is made, one finds (5°), (58) 


= TT = 
i 


i 


The observed and theoretical product rule ratios 
are given in Table XVI. Notice that the C-H and C-D 
stretching frequencies are separated from the remaining 
frequencies in each of the species A‘, E', AS and E”. 


The C-H and C-D stretching frequencies (w,, Wes We 


Wyo) - The high frequencies for the C-H and C-D 
£tretchings were separated from the lower frequencies 
according to the method developed by Wilson (133), (13¢). 


| 
(2.65, 
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Table XVI. Product rule for the frequencies of cyclopropane 


and cyc lopropane-d,. 


Siete Frequency Observed *) Theoretical 
P Nos. TT(», /».*) TT (w, /w,*) 
i’ i 
1 1.3587 1.3898 
: 2,3 (1.4380) 1.4380 
A} 5 (1.2381) 1,2424 
8 1.3693 1.3898 
9,10,11 1.8775 1.9010 
AS 4 (1.4054) 1.4137 
1.3283 1.3379 
1.3909 1.3968 
is. 1.3234 1.3379 
E" 


13,14 (1.7373) 1.7517 


*) Figures in parentheses involve calculated fundamentals. 


Hence equations (66) and (67) were sufficient for the 
determination of the normal frequencies w,, We, We and 
Wios together with the respective anharmonicity cons- 
tants. The results are given in Table XVII. 


The lower frequencies of species A}_ ( For the 
CD¢ frequencies of this species (see Table XV) the 

Raman data for the liquid phase had to be uded, because 
of the lack of gas frequencies. The literature (9) con- 
tains also a value for the frequency, viz. 1270 , 
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Table XVII. Fundamentals (»), anharmonicity constants (x), and 


normal frequencies (w) for cyclopropane and cyc lopropane—d,. 


Cyclopropane, C 36 


Species No. ) Description w 


1 (Q,) CH stretching 3038.0 0.07975 3301.3 
At 3 (@,) Ring deformation 1188.0 0.00000°) 1188.0 

2 (Q,) CH, deformation 1479 0.00000°) 1479 

Ay 5 (Q,) CH, wagging 963 0.01800°) 980.7 

g (Q,) CH stretching 3028.1 0.05246 3195.7 
10 Ring deformation 1028.7 0.02088%) 1050.6 

9 (Q,) CH, deformation 1441.8 0.02457 1478.1 
(11 (Q,) CH, wagging 868.5 0.01788") 9884.3 
ay 4 (@,) CH, twisting 1132.5 0.02000°) 1155.6 
6(2, 5) CH stretching 3102.9 0.02856 3194.1 
A® 
2 | CH, rocking 854 0.01482 9866.9 
12(@, 5) CH stretching 3082.2 0.04305 3220.8 
EB" 13(Q,,) CH, twisting 1188.0 0.02000°) 1212.2 
14(0,,) CH, rocking 738.8 0.01480°) 749.9 
Cyclopropane-d,, C 

1 (Q,) CD stretching 2236 0.05870 2375.4 

At 3 (Q,) Ring deformation 956 0.00000%) os6 


2 (Q5) CD, deformation 1278.1*) 0.00000%) 1278.1 


| 


Table XVII (Continued). 


5 (@,) CD, wagging 777.8") 0.01454") 789.3 


(Q,) CD stretching 2211.4 0.03831 2299.5 


19 (Q,) ‘Ring deformation 886.9 0.01800°) 903.2 


E! 
9 (@,) CD, deformation 1074.3 0.01931 1094.3 
11 (@,) CD, wagging 720.1 0.01480°) 730.9 
4 CD, twisting 805.8") 0.01423") 817.5 
6 (Q,))  CDstretching 2336 0.02150 2387.3 

A" 
7 (Q,,) CD, rocking 614 0.01066 «620.6 
12 (@,4) CD stretching 2329 0.03253 2407.3 
13 (Q,,) CD, twisting 956.8°)0.01622") 972.5 
14 (Q,,) CD, rocking 528 0.01058") 533.6 


*) See footnote *) of Table XV. 

b) Approximate computations. All of the reported decimals are 
not significant. 

Assumed. 

d) Calculated. 


which is corrected for Fermi resonance. Together with this 
Value, the separated product rule for Vo and (cf. Table 
XVI) is almost accurately fulfilled. In the present 
computations both of the anharmonicity constants were 
assumed exactly equal to zero, and the value 1278.1 om 


for was calculated... 


1 
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The lower frequency of species Ap (Wo)> The given values 
of x and w (Table XVII) for the lower frequenoy of the 
species AD both in and were calculated wi th- 
out further assumptions. 


The lower frequencies of species E" Here 
again the Raman data for liquid CaD¢ had to be used, 

The anharmonicity constants X13 and X44 were assumed as 
given in Table XVII, according to the experience that 

they usually are positive and increase with increasing 
frequencies (*%). The frequencies ve and ¥, of the species 
AD were used as a guide for this purpose. The calculated 
value 956.8 on™! for “45 may be accepted in spite of the 
reported value 835 cm~! (9). This frequency has been 
estimated from a combination band and is rather doubtful. 


The lower frequencies of species ( wo, The 


Sa anharmonicity constant was assumed equal to X14 
because of the approximately equal magnitudes of the 
respective frequencies. With the additional assumption 
of x, = 0.01800 all the desired quantities could be 
Calculated, and are found in Table XVII. 

Species A> and At containing one frequency each (,, 
W,)- The Xe anharmonicity constant, corresponding to 
the CH, wagging frequency of species Ads was assumed 
equal to =i6 = 0.01800. At the same time it appeared 


to have the same order of magnitude as the anharmoncitiy. 


constant x,,, corresponding to a frequency which also 
hes been assigned to CH, wagging. As for the AY species, 
the assumtion = X13 0.02000 was made, where x43) 


corresponds to a frequency having been assigned to CH, 
twisting. The calculated fundamental 805.8 cm™ 


' for 


2.4. 
ws is quite compatible with the reported value 800 om~' 
(9), as estimated from a combination band. 


Calculation of force constants for cyclopropane. The 
normal frequencies {w) given in Table XVII were used for 
determining the force constants of cyclopropane molecules. 
By these calculations, the approximate separations of the 
C-H and C-D frequencies were carried through, except for 
the species 


In the course of the force constant calculations, one 
preferable set was easily selected from the different 
solutions of the quadratic equations involved in the 
calculations. 


Species Aj: The approximate separation of the C-H and C-D 
stretching frequencies involves the assumption of two inter- 
action constants, viz. Kia and Ve? @qual to zero. All the 
remaining force constants of this species could be calcu- 
lated from the normal frequencies of both CHE and CaD¢- 

The result is given in Table XVIII. 


Species Ads This species contains only one symmetry coordi- 
nate, the corresponding force constant being included in 
Table XVIII. 


Species E'. The separation of the C-H and C-D stretching 
frequencies of this species gave the value for Ky given 
in Table XVIII, and three interaction force constants equal 
to zero. For the six remaining force constants, five inde- 
pendent equations (two of the first degree, two of the 
second degree, and one of the third degree) were available. 
To decrease the number of unknowns, only one additional 
assumption was made, namely 
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Table XVIII. Force constants fer cyclopropane (see Table XII). 


Force constant (mdyne ry 


Species Symbel 
6.2457 
Ka 3.9500 
0.60922 
a 
Kea 
0.32655 
Var 6 
0”) 
Ay 0.48749 
E' 5.8528 
4. 3563 
0.61795 
0.70958 
o *) 
—+0.16327 
Pim 
re 
7™ 
0”) 
0.96038 
AS 5.3542 
0.22223 
0.02652 
E" 5.4411 
0.60731 
0.19728 
we & 
0”) 


Table XVIII (Continued). 


(E") 0.08777 
0“) 


r= =O. (2.68) 


[cf. Tables X and XI, and equation (60)]. Hence the force 
constant rae could be obtained by means of the value for 
Tar: this constant belonging to the species A}. The 
values of the remaining five constants, viz. Ki, 9's, Om , 
Oi, and Van were evaluated by a laborious iteration 
process started with ®,., = QO. The final results are found 
in Table XVIII. 


Species AS This species contains only one symmetry 
coordinate, and the respective force constant given in 
Table XVIII. 


Species Abs The normal frequencies for both CoH and 
CaD¢ supply sufficient information for determining all 
the force constants of this species. For the numerical 
results, see Table XVIII. 

If the separation of the C-H and C-D frequencies 
is carried out also in this species, the following force 
constants in mdyne A-' are obtained: 


Ky = 5.35513, 
= 0.22222, 


O (assumed). 
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Table XIX. Force constants for cyclopropane 
(see Tables X and XI). 


Description “) Symbol Force constant (mayne 1‘) 
CH stretching x. 5.6979 
CH-CH interaction 0.28580 
CH--CH interaction af 0.05100 
CH--CH interaction 0.07999 
CC stretching ke 4.2208 
CO-CC interactien ki 
CH~CC interaction 0”) 
CH-CC interaction o 
CH, deformation =f, 0.61504 
interaction 0.00201 
CH, wagging (m) 0.63555 
interaction fh, —0.07403 
CH, twisting (9) fy. 0.72500 
interaction 0.11769 
CH, rocking (§) 0.20560 
interaction 0.00832 
interaction 0.02558 
interaction ty 0.05067 
CH atr.CH, def. o 
CH atr.-CH, def. 0 
CC str.-CH, def. Sax 0”) 
cc str.—CH, def. Sar — 
CH str.~CH, wagging 0”) 
cc str.—CH, wagging 
CH str.-CH, twisting 4, 0”) 


Table XIX (Continued). 


CH str.-CH, rocking =; 0 By 
CH str.“CH, recking o 

CCH bending a 0.54530 
CCH-CCH interaction b 0.13498 
CCH-CCH interaction c 0.08000 
CCH-CCH interaction d 0.12472 
CCH--CCH interaction e 0.01227 
CCH~CCH interaction f 0.00298 
CCH~CCH interaction g —0.05074 
CCH-CCH imteraction h 0.00700 
CCH--CCH interaction i —0.02211 
CCH--CCH interaction j 0.08325 

CH-CCH interaction 3 0.00313 
CH-CCH interaction 1 —0.00313 
CH-CCH interaction m 0.00313 
CH--CCH interaction n 0.00313 
CH~CCH interaction P 0.00313 
CH--CCH interaction q —0.00313 
CC-CCH interaction 0 °) 

CC-CCH interaction —0.06530 
CC—CCH interaction t 0.22857 


" Formulated for the CH, molecule. Throughout this column the 


H symbols may be replaced by D. The precise definition of the 
symbols is given in Tables X and XI. 


% From assumed values. 


Assumed. 


76 
2.4. 


The very good agreement with the more rigorous values 
included in Table XVIII leads one to beleive with confi- 
dence that the approximate separation of the high 
frequencies in the other cases (i.e. in species A}, E' 
and E") is justified as well. 


Species E". Here again the force constants could be 
determined from the CHE and C5D¢ normal frequencies, 
after separation of the high frequencies. 


Further computations. The force constants given in 
Table X are based on the initially chosen set of intemal 
coordinates, and are linearly depemient on the force 
constants of the symmetrized potential energy matrix 
(eee Table XII). Their numerical values are given in 
Table XIX, as well ae those of the previously introduced 
force constants involving the CCH (or CCD) valence angle 
displacements. One should not attache too much signifi- 
cance to the values for many of the interaction force 
constants, because of their dependence on the special 
assumptions made here. In partioular, all of the cons- 
tants m, n, p and q would be exactly equal to zero, if 
the approximate separation of the high C-H and C-D 
frequencies of all of the symmetry species, including 
Ad: was carried through. 


Determination of the normal coordinates for cyclo- 
propane and cyclopropane=d_ . The transformation matrix 
lL. connecting the chosen symmetry coordinates and the 
normal coordinates (§ = L@), has been determined by the 
standard method of characteristic vectors. The elements 


of this matrix, both for CHE and CaD6> are given 
numerically in Table XX. 


= 
m4. 


Table XX. Tabulation of the L matrix elements for 
cyclopropane and cyclopropane—d, in (awa) * units. 


Cyclopropane, CA. 


8, 1.0187 0 0 
0 0.42651 0.24357 
s, 0 0.25840 1.4523 
8, 1.0779 
“1.0137 0 0 0 
0.12368 0.057633 —0.32276 
ing 0.064846 1.4485 ~0 0019874 
s, 0 1.0003 0.032289 0.020045 
av 8, 0.90495 
1.0596 —0.0021769 
0.087113 1.4114 
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(C,H) 
1.0596 0 0 
E" 333 0.79001 0, 58649 
4 0 —1.2576 1.0904 
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Table XX (Continued). 
Cycicpropane—dg, 
0.72943 0 
0 0.16607 0.45339 
0 0.75516 0.79568 
Ay 8, 0.86754 
S. 0.72943 0 0 0 
0 0.30195 0.13877 0.10814 
0 ~0. 20627 1.0432 0.041479 
8, 0 0.55241 0.070012 0.53164 
(C,D,) 
0.64014 
S10 0.79199 0.0014717 
2 18, ~0.12231 1.0101 
{13 
0.79199 0 0 
ge {8,5 0 0.59600 0.43379 
s 0 ~1,0766 0.74803 


Computations of the mean amplitudes of vibration 
in cyclopropane and cyclopropane—d- . The next step in 
the mean amplitude computations is to express the six 
representative interatomic displacements | see equations 
(63) |] in terms of the normal coordinates. The V matrix, 
connecting the interatomic displacements and the symmetry 


Table XXI. Contributions from normal coordinates to 
interatomic displacewents (K matrix elements) in cyclopropane 
and cyclopropane-d, in (away 


Cyelopropane, 


r r* 
Q 0.41386 0, 32065 0 
0 0.28918 0.24624 
0 0.10003 0.14063 
0.16711 
Q 0.58528 0.48347 0 
0 0.089138 0.10096 
0 0, 29666 0.047057 
ae 0 0.11682 26354 
Q 
—0,14181 
0.029184 
Qn 20748 
0.14090 
Q 0.43250 0.32166 
Qt ~0 0008887 0.21818 
Q 0.61178 0.47400 
0 27875 
0.23007 

0 
Q 

12b -0.17322 


~0.12860 
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2.4. 
Table XXI (Continued). 

t 
Q, 0.73364 0.33190 0.71975 
0.070034 0.36235 0.23743 
—0. 39361 0.51190 0.14901 
1.03752 —0,23460 —0, 50804 
0.0072311 —0.42886 —0. 33548 
—0.56340 0.43001 —0,15744 
0.046764 0.27393 —0, 22755 
~0.31500 
0.30779 
0.63343 
—0. 24532 0.92142 
ge 0.035176 0.46088 
0.660915 0.93541 

Cyeleprepane—d,, 

Q, 0.29779 0.23072 0 
0 0.20240 0.095878 
0 —0. 10957 —0. 26177 
(0.19451: 

0.42114 . 0. 32629. 

0 —~0.15492 0.24654 
0 0.18014 0.10022 
0 0.048381 —0,088298 

0.068872 

0.068820 

0.18461 

0.099248 

0.32333 0.23155 

0.0006008 0.15707 

0.45725 0.35427 

Qi ae 0 0.16401 


Table XXI (Contimued). 


Q 

~0,12068 

—0,095114 

(c,D,) t t t 

0.52789 0,23882 0.51789 

~0, 21565 0.098738 —0,061383 

0.74655 —0.16887 —0, 36621 

0.036027 0.0080056 —0.0050511 

-0.41891 —0. 26074 —0.070710 

—0,00048854 —0, 39403 —0, 30599 

® | 22346 

0, 20435 

0.45433 

—0.18335 0.68868 

0.014066 —0. 38241 

—0.47636 0.056415 


coordinates (r =V§ ), is given implicitly by equations 
(64). Hence the K matrix (r =K@Q) may be determined 
according to equation (2.27), where the & matrix is known 
(see Table XX). The coefficients of the K matrix are 
given numerically in Table xXxI. 

Now the mean amplitudes of vibration are obtainable 
according to the theory described in the present chapter 
[eee section 2.1, especially equations (2.16) and (2.22) ]. 
The results for both cyclopropane and cyolopropane=d, 
at the temperatures 0 and 298 yo are listed in Table 
XXII. 
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Table XXII. Mean amplitades of vibration in cyclepropane 
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and cyclopropane—d,. 


Mean amplitude in A 


Molecule Distance 

T=-0 208 °K 
C-H 0.0750 0.0750 
C-H 0.1082 0.1090 
cc 0.0510 0.0514 
0.1180 0.1181 
H,~H, 0.1758 0.1783 

th 
0.1316 0.1320 
0.0643 0.0643 
C-D 0.0044 0.0964 
0.0506 0.0511 
Dy'D; 0.2007 0.1010 
0.1484 0.1552 
D5" Dy, 0.1137 0.1148 


3. ASSUMPTIONE OF SIMPLIFIED MOLECULAR MODELS IN 
THE CALCULATION OF MEAN AMPLITUDES OF VIBRATION 


3.1. Introduction 


In many cases the computations of mean amplitudes 
of vibration may be greatly facilitated by assuming 
simplified molecular nodels, and still valuable results 
obtained, if not a too great accuracy is claimed. In 
fact, such an approximate assumption has been made in 
one of the first computations of mean amplitudes of vib- 
ration, where dimethyldiacetylene was considered as a 
six-particle linear structure (5). Moreover, approxinate 
Calculations of the mean amplitudes of vibration for the 
benzene ring (35), as well as those for the allene skele- 
ton (34), have been carried out by the present author, 
and compared with the more rigorous calculations (28), 7), 
(3) with encouraging results. Also some approxinate 
calculations for cyclopropane (!%) and normal-butane (&7) 
have been reported. 

Por the estimation of the mean amplitude of vibra- 
tion for a bonded atom pair containing hydrogen (C-H, 
N-H, P-H, etc.) it seems plausible to treat the problem 
as a two-particle structure, namely as a hydrogen atom 
attached to the rest of the molecule. Such a treatment is 
actually based on the assumption of a special kina of 
simplified molecular models, and has been applied for 
instance to C-H in dimethyldiacetylene (5), and to P-H 
in phosphine (16). 
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3.2. Application to X-Y¥ of the cyclopropane molecular 
model. 


The cyclopropane molecular model is considered. 
An approximate formula for the mean-square amplitude of 
vibration for the bonded X-Y (C-H or C-D) atom pair, is 
obtained as 


_y (Hp + py) (3.1) 


if the simple two-particle model X,Y,-¥ is adopted. Here 
Hy is the inverse masse of the Y atom, and Fe that of the 
group. For ¥ in equation (1) a stretching 
frequency should be inserted. The temperature-dependent 
factor could be omitted in this case, since the frequency 
is aseumed to have an extremely high value (as is the 
case with C-H and C-D stretching frequencies). Equation 
(1) has the same form as that for diatomic molecules. 
Referenoes are made to Table IV, and also equations (2.8) 
and (2.9). 

The present method has 


fable XXIII. C-H and C-D mean been applied to the C-H 
amplitudes of vibration for and C-D mean amplitudes 


eyclepropane and cyelopropane—d,, of vibration in and 


regarded as two-particle C,D¢, respectively. As a 
part of the approximation, 
it was assumed that the 
Distance Mean amplitude in 1 totally eymn- 


structures. 


0.0720 etrical C-H and 
o-» 0.0606 C-D stretching normal 
frequencies for cyclopro- 
pane and cy clopropane-d_ 


3-2. 


could be applied to the present model. With the values 
3301.3 on™! and 2375.4 cn ', respectively (see Table 
XVII), the result given in Table XXIII was obtained. 
The deviations from the more rigorously calculated 
values (Table XxII) are -0.0030 A and ~0.0037 A for 
C-H and C-D, respectively. 

It should be noted that the approximate mean ampli- 
tude of vibration for C-H in cyclopropane previously 
communicated (18), is. based on another method of approxi- 
mation, which is different from the present one. That 
method is described elsewhere [see reference (12)], and 
has proved to be better than the two-particle method 
applied here. 


3.3. Application to the ring of the cyclopropane 


molecular model 


In this section the cyclopropane molecules will be 
treated as regular trigonal X, structures (see Fig. 3), 
where X = CH, or cD,- Accordirg to Table IV, one has 


This formula is expected to give a reasonable approxima- 

tion for the C-C mean-square smplitudes of vibration in 

cyclopropane and cyclopropane-d_, if the appropriate 

C-C stretching normal frequencies are inserted. The 

numerical values from Table XVII have been taken, viz. 

v(At)/o = 1168.0 om™', ¥(B")/c = 1050.6 om” for 
De: 


and v(A1)/c = 956 om™', »(B')/o = 903.2 for C, 
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Table XXIV. C-C mean amplitudes of vibration for the 
cyclopropane ring, based on the adoptation of a regular 
trigonal structure. 


Molecule Distance Mean amplitade in A “*) 
T= 0 208 °K 
0,0464 (-0.0046) 0.0467 (—0.0047) 
c-c 0.0476 (-—0.0030) 0.0481 (-0.0030) 


“) The deviations from the rigorous values (Table XXII) are 
included in parentheses. 


The computed mean amplitudes of vibration are found in 
Table XXIV, together with the respective deviations 
from the more rigorously calculated values (Table XXII). 

The force constants may be introduces according 
to equations (2.40), where and = 
4n°>(B")? should be inserted. From equation (2.41) the 
following simplified formula is obtained for T= 0, if 
the interaction constant k' is omitted. 


Pollowing this procedure, the result for CoH, is k= 
5.3456 mayne A~', u = 0.0456 A (T=0), and for CaD¢: 
k = 4.3621 mayne A~', u = 0.0464 A (T=0). 

In the previously cited paper (!8) the same method 
has been applied to the cyclopropane ring, but is based 


on another assignwent of the vibrational frequencies, 
taken from Herzberg (%). 


3.4. Discussion 


It may be realized from the examples treated in 
the present chapter, together with additional experience, 
that the problem of calculating mean amplitudes of vib- 
ration often may be largely facilitated by assuming 
Simplified molecular models. The results, however, should 
not be accepted without criticiem, if some values of 
great accuracy are required. But valuable information 
may be obtained if only the orders of magnitude of the 
mean amplitudes of vibration are desired, as often is 
the case by electron-diffraction investigations. Purther- 
more, it would still be worthwhile to apply the method 
of simplified molecular models to more complicated cases 
as, for instance, the condenced aromatic rings. In such 
Cases it seems to be rather hopeless to carry out the 
rigorous calculations. 
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4. SECULAR EQUATIONS INVOLVING MEAN-SQUARE AMPLITUDES 


OF VIBRATION, AND MEAN-SQUARE AMPLITUDE MATRICES *) 


4.1. Theory 


Introduction. Some features of the ordinary secu- 
lar equation **) in the problem of harmonic vibrations 
of polyatomic molecules will be summarized as an intro- 
duction to this section. The secular equation may be 
written in the form given by equation (2.20), viz. 


IGF -A€l=0. (4.1) 


As shown in section 2.1, the equation is deduced from 
the relations 


LFL-A, (4.2) 
which also may be given in a modified form as 
LAL LL-G. (4.3) 


Here F and G denote respectively the potential energy 
matrix and the inverse kinetic emrgy matrix, in terms 
of a set of internal coordinates which will be represen- 
ted by §.E is the identity matrix, and A a diagonal 
matrix with the elements 


*) For original publications, see (%), (2%), (34, (@), 
**) See references (#25) , (132) , (194), (9), (122). 


< 


A, = 4nvy (4.4) 
[of. equations (2.17),(2.18)]. The matrix L ie giwen. by 
the linear transformation 


S$ =LQ, (4.5) 


where G@ represents the vibrational normal coordinates 
lof. equation (2.10) ]. 

The secular equation (1) wakes it possible to 
establish relations between the force constants in- 
Cluding the interaction terms, and the normal frequen- 
cies of a molecule. It should be emphasized that the 
number of normal frequencies in most cases is not suffi- 
cient for the complete determination of the harmonic 
force field. Therefore usually additional assumptions 
are made, e.g. simplifications of the force field, 
assumption of a Urey-—Bradley field (124), (4), (415), (116), 
or applications of force constant values from related 
molecules. Purthermore, the ncrmal frequencies from 
isotopically substituted molecules may be utilized for 
this purpose. Onoe the complete F matrix is established 
and with the knowledge of the G matrix and the normal 
frequencies, the matrix of equation (5) is obtainable 
by means of the method of characteristic vectors. 


Purther secular equations. The following additional 
symbols will be applied. 


=-SS (4.6) 
= 88, - (4.7) 


(4.8) 


90 
4-aa, 
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a, = ooth(npy, /2) (4:9) 


The elements on the main diagonal of the matrix 2, viz. 
244! are the respective mean-square amplitudes of vibra- 
tion. The off-diagonal elements, viz. 24; (i# 3), will 
be referred to as the interaction mean-= 
square amplitudes, and the matrix itself 
the m@an-square amplitude 


matrix. The matrix of equation (8) is a diagonal 


matrix with the elements 4, = e given by (9) in 


conformity with equation (2.14). The relations 


exist in addition to those of equations (2) and (3). The 
latter one of the equations (10) may be identified with 
equation (2.11). By means of equations (2) and (10), 
additional secular equations may be derived in a similar 
way, as outlined in section 2.1, and written in the forms 


=0, (4.11) 
=0. (4.12) 


According to equations (4) and (9), the characteristic 
values of the 3F matrix are 


A, coth(hpy,/2) . (4. 13) 


Applications of the secular equations. In the 
following will be outlined some methods of calculation 
utilizing the reported secular equations. The normal 
frequencies and the G watrix elements are considered as 


known quantities. 


(4) In the method developed by Morino et al. (97), 
equation (1) is applied (cf. chapter 2 and also the 
introduction above). The F matrix is established by 
means of the norwal frequencies of the molecule and 
occasionally further informationand additional assump- 
tions. Consequently the L matrix is deducible, and tne 
whole £ matrix may be obtained from the latter one of 
equations (10). 


(ii) In an analogous way, equation (11) may be 
applied to establish relations connecting the normal 
frequencies and the uean-square amplitudes of vibra- 
tion, including interaction terms. Here again the number 
of normal frequencies is usualiy not sufficient for the 
Complete determination of the mean-square amplitude mat-— 
rix, and the method makes it possible to introduce 
assumptions about the matrix elemente without 
specifying the force field. 

If the complete = matrix could be established in this 
way, it would be possible to determine the L matrix by 
the method of characteristic vectors applied to the 
£6-' natrix. In consequence, the F watrix, or rather 
its inverse, could be obtained from the first one of 
equations (3). 


(iii) By means of equation (12), relations con- 
taining the elements from both of the matrices £ and 
F are obtainable. These relations will be useful in 
combination with the relations obtained from (1) and 
(11) if it is desirable to apply some information 
about the Z matrix elements for determination of the 
elemente of the F matrix, and vice versa. Accordingly, 
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such Calculations may be performed without deterwina- 
tion of the L matrix. 


If the coordinates $ are chosen as a set of 
symuetry coordinates, both of the new secular equations 
will factorize in precisely the same manner as the 
ordinary secular equation (1). 

The symmetry coordinates may be formed as an 
orthogonal transformation of a set of internal coordi- 
nates, denoted by q. Henoe the relations of the form 
(2.21), where R is the transformation matrix, may be 
used for detecting the connection between various 
quantities in terms of the two coordinate sets. To show 
an example, it is found 


P=-RZR, (4.14) 


where the symbol P is defined by 


P=aq . (4.15) 


In practice, the mean amplitudes of vibration given by 
equation (1.1), where R is the distance between a pair 
of bonded or non-bonded atoms, are the most important 
ones. In coneequence, it will often be convenient to 
let q be composed of merely interatomic distance devia- 
tions, i.e. a set of central force coordinates. 

For practical computations some further transfor- 
mations must be considered. If pp and K have the same 
meanings as previously [ see equation (2.23)], the sym- 
bol P will for a moment be used as given by 


= KOK. (4. 16) 


4.1. 


For this wean-square amplitude matrix it is found 

P (4.17) 
The matrix V appearing in this equation is defined by 
equation (2.25), and may be computed according to (2.26). 


Isotope rules. The ordinary product rule’ for 
isotopically substituted molecules as derived from 
equation (1) may be written in the form (33), (1% 


TT oa - (4.18) 
i 


where the quantities of the isotopically substituted 
molecule are identified by an asterisk. Using the 
analogous notation, one obtains from equation (12) 


y,coth(hpy, /2) 


If the mean-square amplitudes at the absolute zero are 
considered, and the notation &. is used for the corres- 
ponding mean-square amplitude matrix, one obtains 


= - jeltviett (4.20) 
i 


4.2. Treatment of simple molecular models. 


Here the simple molecular wodels which were treated 
in section 2.2 will be considered. In such cases the 


secular equations factorize into linear equations, and 


*) The Teller—-Redlich product rule; see reference (107). 
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simple relations are obtained. 


Formulae involving mean-square amplitudes of 
vibration. As an example, the linear symmetrical XY, 
molecule model will be treated in some detail. The 
mean-square amplitude matrices, in terms of the bond 
length displacements (see Pig. 2) and in terms of the 
symmetry coordinates of equation (2.30), may be written 
in the following way. 
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The secular equation (11) gives straightforwadly 
4, = (c+o") 4; (o=0") (4.21) 


which may be solved for the mean-square amplitude quanti- 
ties and yields the result 


o'= 4, fy - b5(2py+Hy) | 


The A-values are given according to equation (9). From 
the secular equation (12), the following relations between 
the force constants defined by equation (2.31), and the 
mean-square amplitude quantities, have been deduced. 


Ay 4; ¥ (o+o') (k+k") A343 (o-o') (k-k'). (4.23) 


The equations have been solved for the mean-square 


4.2. 
amplitude quantities with the result 


(4.24) 


Similar expressions are obtained for the force cons- 
tants, viz. 


= tla, +A, , 


A new mean-square amplitude matrix may be cons- 
tructed if the interatomic dietance deviations given by 
equations (2.35) and (2.36) are introduced. This matrix 
is wiven by 


ry...y 
Ty_y 
ry...y 2(a 


The diagonal elements of the matrix represent the nean- 
Square amplitudes of vibration for the bonded and non- 


bonded aistances, respectively, i.e. = 
Ga = 2(o+¢'). If these quantities are computed by 


means of equations (22), expressions identical with 
those given in Table IV are obtained, provided that vy, 
and ¥3 are ineerted in accrodance with equation (9). 
Alternatively, the equations (24) may be applied for 


= 


4.2. 


97 


Table XXV. Mean-square amplitudes of vil:ration of simple 


molecular models.11.°) 


Molecule Distance Mean-square amplitude of vibration 
Diatonic x-Y coth(hf v/2) 
syon. XY, 
+ coth(hs v,/2) | 
Y-¥ hy, (eek)? eoth(hé v, /2) 
Regular 1-x coth (h6 v, /2) 
trig. x, 
by, coth (hb v,/2) | 
Plane x-x { thy, coth(hBy, /2) 
square X, 
$ hy, (k-2k' eoth(bBy,/2) 
+3 coth(h6v,/2) | 
Tetra- x-x bv, coth v, /2) 
hedral X, 


+ coth(he»,/2) 


+ coth(hsv,/2)] 


*) For I ; see Table IV. 


computing the mean-square amplitudes of vibration under 
consideration. The expressions deduced after inserting 
y, and va in accordance with equation (13) are included 
in Table XXV . The force conetants enter into these 
expressions, but, in contrast to the equations (2.37) 
and (2.38) the atomic masses do not appear in the 
expressions of Table X%XV . This table contains the 
corresponding formilaé for all the molecular models 
treated in section 2.2 (cf. Table IV). 


Numerical examples. It seems suitable to include 
some numerical results in this section, to-show the 
orders of magnitude of the introduced quantities. The 
following molecules have been choren as examples: (a) 

The diatomic molecules 0, Ss, and Se, (b) carbon 

dioxide, disulphide ana diselenide of the linear symuetri- 
cal XY, type, and (c) P,, being a tetrahedral nolecule. 
The spectroscopic data used in tne calculations are 

given in Table , and the numerical reeults in 

Tavle XXVII. 

The force constants k, k' and k", appearing in 
Table XEVII, are defined in section 2.2. For the weaning 
of the symbole o and o' in the case of linear synme trical 
XY, molecules, the preceeding paragraph should be con- 
sulted. In the case of tetrahedral Xy molecules, the 
symbols adopted for the mean-square amplitude quantities 
are given by 


where the notation of Fig. 5 is used. 
For the respective wean amplitudes of vibration 
of the various interatomic distances of the molecules 
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fable XXVI. Normal frequencies and related quantities of 


specific molecules. 


a 
Molecule Species w *) °) ua) 
T=0 208°K 
1580.361 1.4709 0.010670 0.010680 
725.68 0.31014 0.028237 0.024681 
se, 991.77 0.00089 0.043042 0.058351 
1209 Mie 1984.42") 1.0804 0.012450 0.012486 
2 2396.40 3.3821 0.007037 0.007037 
Me 1984.42") 1.0804 0.012450 0.012486 
a 2328.20 3.1923 0.007243 0.007243 
1405 1984.42") 1.0804 0.012450 0.012486 
2 2268.38 3.0302 0.007434 0.007494 
cs, Mie 671.4 0.26548 0.025116 0.027163 
(gas) Ay, 1551.92 1.4184 0.010866 0.010878 
Ay 371 0.08106 0.045452 0.063663 
(gas) A, 1310 1.0107 0.012872 0.012919 
P, A, 604 0.21485 0.027918 0.091119 
381 0.03849 0.044259 0.060000 
F, 506 0.15079 0.083325 0.039677 


*) In a’ anits; all values corrected for anharmonicity. Data 


for the diatomic molecules are quoted from Hersberg 
the triatomic molecules from Wentink (“9, and for phosphor us 
from Pistorius (#). The cited publications include references 


to the original sources. 


by Correeted for Fermi resonance. 
In mdyne (awe). N is Avogadro's number. In 174 


for 
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Table XXVII. Summary of calculations for the 
molecules of Table XXVL 


Molecule Species Force constant®) Mean-square amplitude 
T=0 298°K 
17.2859 0.0007781 0.0007804 
14.7616 0.0016122 0.0016122 
13.56 17.2859 0.0007781 0.0007804 
2 A, 14.7617 0.0015663 0.0015663 
1405 17.2859 0.0007781 0.0007804 
2 14.7616 0.0015260 0.0015261 
cs, Mie 8.5128 0.0007832 0.0008471 
7.1741 0.0021483 0.0021507 
6.4006 0.0005756 0. 0008063 
5.6401 0.0023066 0.0023149 
P, A, 1.6643 0.0036042 0.0040174 
E 2.6488 0.0014284 0.0019687 
F, 2.3360 0.0021511 0.0025611 
b 
Molecule Porce constant ) Mean-square amplitude ) 
298°K 
169, k 23.5341 0.0013338  0.0013351 
x 9.9185  0.0014532 0.0015435 
Se, k 7.2313 0,0010761 0.0014588 
1246 k 18.0238  0,0011952  0.0011963 
k' 1.2621 ct -0.0004170 —0.0004159 
1806 16.0238  0,0011722 0.0011734 


1.2621 


-0.0003941 


—0 ..0003930 


100 | 
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fable XXVII (Continued). 

14,5 k 16.0238 ¢  0.0011521 0.0021532 
1.2621 -0.0003740 —0.0003728 
cs, k 7.8424 0.0014658  0.0014989 
0.66936 —0.0006825 —0.0006518 
k 6.0204  0.0014411 0.0018606 
0.38024 -0.0008685 -0.0007543 
P, k 2.3283  0.0021524 0.0026064 
k' 0.16410 0.00036263 0.00034145 


k* -0.00769 o” 0,.00000128 0.00004526 


*) In mdyne nits. 


here considered, reference is made to Table LI. 


4.3. Valence force mean-square amplitudes and 


central force mean-square amplitudes approximations 


It has been pointed out in the first section of 
this chapter that the number of normal frequencies of a 
polyatomic molecule usually is not sufficient for the 
complete determination of the vibrational constants. 


To eliminate this difficulty, usually certain approxi- 


| | 

| 

| 

| 
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mations are introauced. When the ordinary eecular 
equation is applied, it is convenient to introduce 
some assumptions about the force constants. If the 

F matrix in terms of a set of valence force coordi- 
nates or central force coordinates is aseumed to have 
@ completely diagonal.form, the approximations are 
referred to as the simple valence force field and 
central force field, respectively [see, e.g. (A) and 
(#) |..Moaified valence force fields or central force 
fields are obtained if only some of the off-diagonal 
elements of the respective F matrices are assumed to 
be negligible. 

An analogous procedure may be followed if the 
secular equation (11) is applied for determining the 
vibrational of a polyatomic molecule. If 
the Z matrix in terms of a set of valence force 
coordinates is assumed to be of the diagonal forn, 
the approxiwation will be referred to as the 
valence force mean-square 
amplitudes - approximation, and in terms of 
@ set of central force coordinates the central 
force amplitudes. 
The moacified valence force mean-square amplitudes and 
central force mean-square amplitudes approximations are 
obtained if only some of the respective Z matrix off- 
diagonal elements are assumed to be negligible. 

It should be pointed out that the certain 
assumptions about the elements of the Z matrix lead to 
different approximations, depending on the chosen 
temperature. 
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4.4.. Treatment of bent symmetrical XY, molecules 


The study of bent symmetrical XY, molecules has 
been the subject of many publications [see, e.g,, (*5), (), 
(66) , (6) , (424) , (48), (90) |. In the present section, some of 
the theoretical results for this type of molecules will 
be Summarized and supplied with the study of the mean- 
square amplitude matrix. Numerical calculations for 
nitrogen dioxide will be reported. 


Molecular symmetry. The bent syumetrical XY, 
molecular model (Fig.8 ) belongs to the symmetry group 
Coy: he normal modes of vibration are distributed 
among the various symmetrical speciesaccording to 


= 2a,°+ B,. (4.27) 


The following symuetry coordinates have been 
formed as: normalized linear combinations of the valence 
force coordinates given by Fig. 8. 


Symm.species A,: 


1 


2 2°f(r,+r,) 


= Ra, 


Pig. 8 . Notation used for the 
bent symmetrical XY, molecular 
model (c,_)- The symbols denote 
the devictions from the equi — 


librium values. The equilibrium 
length of the X-Y bond is de— 
noted by R, and the YXY angle 
is 2A. 


| 
| 
LN, 
a 
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Symm. species B,: s 


3° 2-¥(r,-r,) . (4.28) 


It should be noticed that the angle displacement 
coordinate a is multiplied by R, designating the 
equilibrium distance. 


Energy watrices and mean-square amplitude mat- 
rices. The harmonic potential energy function (V) 


contains four different force constants and is given 
in terms of the valence force coordinates by 


Hence k and k‘ may be interpreted as the bond stretching 
and the bond-bond interaction constants, respectively, 

f as the valence angle bending, and g as the bond- 
angle interaction conetant. The F and G matrices in 
terms of the valence force coordinates, as well as the 
chosen symmetry coordinates are given in the following 
[see, e.g. (4) and (1) 


r, To Ra Ss, 8, 


104 
r, |k s, | xx 2tg 
k g f 0 
Ra f k-k' 
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r, Ra 
Hy tHy “Hy Sin2a ] 
Rue | + wy) 
S, | 8, 8, 


Hy ané Ky denote the inverse masses of the X and Y 


atoms, respectively, and the equilibrium value of the. 

YXY angle is 2A. For the inverse of the syumetrized 

F and 6 uatrices it is found: 
5, 


2 3 


s, | -r/(K,@-r*) 0 


2 
9 


— 


4 
£ 
‘ 


<——— 


0 


1 


2 
2uy Sin A+ 
4 Px Ky 


In the F~' matrix the elemente have been expressed 
in terms of the force conetants of the symmetrized 
potential energy matrix, i.e. 


Ky = kek", 2, C= ate, = kek’. (4.30) 


The mean-square amplitude matrices in terme of the 
two coordinate sets are given by: 


r, Ra 8, 


The various mean-square amplitudes of vibration and 
interaction mean-square amplitudes here appearing, may 
be specified as follows. 
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2’ ot sin2A 
(2 + ) 2(2 ) 
Hy 
2 
Hy) Hy 
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o=r,= o' = t=R 
(4.31) 


g=Rra=Rroa. 


The mean-square amplitude quantities of the symmetrized 
= matrix will lately be identified, similarly to the 
force constants of equation (30), by the symbols 


2, Zo =Tt, = ate, 2, =o-o'. (4.32) 


Normal frequencies. The ordinary secular equation 
yields the following expressions for the normal 


frequencies (A= 4n*v*). 


- yein2a 
2 
Similar relations are obtained from the secular equation 


(11) and given below [a = (n/an® v) coth(hgy/2) J. 


(4.34) 
2 
M182 = £0 £40) Ky » 


2 -1 
4, = Z5(2py sin Atpy) 


4.4. 
— 
-1 
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The secular equation (12) yields the following rela- 
tions, involving both the force constants and the 
mean-square amplitude quantities. 


= (Ky>= 45), (4.35) 


Interatomic distance deviations. There are two 


types of interatonwic distances in the considered case, 
the appropriate distance deviations being represented 
by 


(r,+r,)sina + Racosa . (4.36) 


In terms of the symmetry coordinates cne has 


r= sina + S,cosA . (4.37) 


3) 2 


A new mean-square amplitude matrix may be cons- 
tructed as: 


r r* 

1 
r o'* 
r* 


For the elements of this matrix it is found 


o= o’*: rr* = {o+o')sinA + 9COSA, 
(4.38) 
o* = (rt)? = 2(s+o' )sin*A + + egsinza 


108 


109 


4.4. 


Calculation of force oconetants for nitrogen 
dioxide. The three frequenciee of a specific bent 
symme trical XY, molecule, say 140 » are not suffi- 
cient for the complete determination of the harmonic 
force field. In the present case the frequency 
1665.5 om’ (see Table XXVIU) gives the value K, = 
8.8927 mdyne Av! without ambiguity for the force 
constant of the species B,- The force conetants of 
the species A,, viz. K,,@ and f are going to be 
discussed in the following. To obtain real 
values of the force constants consistent with a set 
of normal frequencies, only a limited range for each 


Table XXVIII. Experimental vibrational frequencies 
of nitrogen dioxide nolecules. 


Normal frequencies (cu *) 8) 


“NO, ‘SHO. 

1 1387.8 1943.3 *) 
2 756.8 747.1 
B, 3 1665.5 1628.6 


_*) Fron reference (%); all values corrected for anharmonicity. 
The frequencies of *5yo, were revised to fit accurately 
the product rule with the physical constants here applied, 
the discrepancies fron the walues in the cited paper being 

insignificant. 

% Based on estimated fundamentals from vibrational analysis. 


mdyne/A 
K, 
{6.0 4 


4 
14.0 
13,0 - 
{2.0 4 


11.0 4 


4 


a 
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9.0 + 
8.0 + f2-O0.55788 
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6.0 
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- 
| 
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Fig. 9. Values of force constants for 
compatible with w ,71357.8 and W 756.8 


1 


em. © indicates the best calculated 


values (see the text). 


of the force cons- 
tants is allowed. 
With the normal 
frequencies of 
'4no, given in 
Table XXVIII, it is 
found from equa- 
tion (33) for the 
interaction cons- 
tant in mdyne 
unite 


-0.5578841 4.5686. 


Several values of 
[ within this 
range have been 
chosen, and the 
remaining force 
constants, viz. K 
and ® have been 
Calculated. All the 
possible real values 


1 


of the force cons- 
tants have been 
represented graphi- 
cally by an ellipse, 
shown in Fig. 9, 

this being a usual 

practice |see, e.g. 

(55) , (6) , (24) (84) , (52) , (128) 
(89), (##)]. The 
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stippled curve of Fig. 9 represents one set of the alter- 
native solutions for the force constants, arising from 
the quadratic secular equation. 


Calculation of mean-square amplitude matrix 
elements for nitrogen dioxide. The secular equation 


(11) makes it possible to follow an analogue procedure 
as shown in the preceding paragraph, in computing the 
mean-square amplitude quantities. The magnitude of 
1665.5 om~' for the normal frequenoy of gpock.ee B, of 
"4uo, yields the value = 0.0018612 for the 
corresponding mean-square watrix element at 
298 °K. To obtain real values of the elements Z, and 
I, consistent with the normal frequencies of '4n0, 
given in Table XXVIII, the following restriction is 
found from equations (34) for Z40 at 298°K in 4° units. 


-0.0022668 210 -0.0003311 . 


The graphical representation of all the possible real 
values of the mean-square amplitude matrix elements of 
the species A, and at the temperature 298 °K, is shown 
in Fig. 10. One of the two simultaneous solutions for 
each value of 249 is indicated by a stippled ourve in 
the figure. afc 

In addition, also the possible real values of 
the mean-square amplitude matrix elements defined in 
equations (38) have been studied, and are plotted in 
Fig. 11. 


Purther calculations for nitrogen dioxide. By 
utilizing the normal frequencies of NO, in addition 
to those of "4yo, (see Table XXVIII), the detection of 
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Fig.10. Values of mean-syuare amplitude matrix elements at 
298 °K for ‘4x0, conpatible with w, = 1357.8 and w, = 
756.8 oa. © indicates the best calculated values (see the 


text). 


the complete sets of harmonic vivrational constants 
is possible. The caloulated force constants in terms 
of the symmetry coordinates |see equations (30)], as 
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Fig. 11. Mean-square amplitude quantities at 298 °K 
for *4no,, compatible with w, > 1357.8 and w, = 
756.8 en. The best calculated values are indica- 


ted by © (see the text). 
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Table XXIX. Calculated force constants and mean-square 
amplitude quantities of nitrogen dioxide. 


Foree constants (mdyne 


Ky 12.8754 k 10.8840 

1.1290 1.9914 

4 0.51315 f 1.1290 

K; 8.8927 g 0.36285 

Mean-square amplitudes for *4yo, at T0 (4?) 

0.0010522 0.0014561 o* 0,0021060 
Z,  0.0072833 o' —0.0004039 0.0007632 
0.0007502 + 0.0072833 
9.0018600 -0.0005305 


Mean-square amplitudes for 


at 7-298°K (47) 


= 


12 
3 


0.0010561 
0.0076139 


—0.0007355 


0.0018612 


Cc 


0.0014586 


o’ ~—0.0004025 


t 


0.0076139 


~—0.0005201 


0.0021984 
0.0007709 


Mean-square amplitudes for at (4?) 


2 
12 
3 


0.0010438 
0.0071348 


-—0.0007160 


0.0018187 


0.0014312 


—0 0003875 


0,0071348 


—0.0005063 


0.0021249 
0.0007649 


o* 


114 
2 


Table XXIX (Continued). 


Mean-square amplitudes for at T-298° 


 0.0010477  0.0014330 0.0021975 
E,  0.0074809 -0.0003862 o'* 0.0007722 
~0-0007026 0.0074809 
0.0018201 -0.0004068 


well as the valence force coordinates [see equation 
(29) } are reproduced in Table XXIX . From these results 
the transformations to normal coordinates have been 
detected as shown numerically in Table XXX . Sub- 
sequently, the various mean-square amplitude quantities 
were computed at the temperatures T = 0 and 298 a 
and are included in Table ZkIX. For the notations, 
references are wade to equations (31),(32) ana (38). 
The computations have been performed for both of the 
here considered isotopic molecules of nitrogen dioxide. 
In the case of 40, the values obtained from the se 
Calculations are indicated on the curves of Figures 9, 
10 and 11. 

The mean amplitudes of vibration for the bonded 


and non-bonded dietances are given by and 
Uy..y (o*) , the numerical values of them being shown 


in Table XXXI. 

Throughout the numerical calculations of this 
section, the value of 2A = (21), (8) has been 
applied for the equilibrium magnitude of the inter-bond 


angle in nitrogen dioxide. 
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Table XXX. Coefficients of transformations involving 
normal coordinates for **yo, and *yo, in (away units. 


1 
“NO, 
8, 0.28855 0.028558 
8, —0. 30261 0.82520 aa 
8, 0.42861 
+ 0.20403 0.020194 0.30307 
r* 0.25834 0.24137 
1 
0. 28637 0.025168 ms 
—0. 28159 0.52154 ita 
0.41910 
r -0. 20249 0.017796 0.29635 
r* 0.26368 0.23553 is. 
14 15 


Isotope rules for NO, and “NO. The normal 
frequencies in Table XXVIIIare adjusted to fit accura- 


tely the product rule. If the mean-square amplitude 


matrix elements at the absolute zero are concerned, 
one has in accordance with equations (18) and (20) 
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Table XXXI. Mean amplitudes of vibration in **y0, and 1545 


2° 

Molecule Distance Mean amplitude of vibration (A) 
1449 0.0382 0.0382 
0-0 0.0459 0.0469 
15,5 N-0 0.0378 0.0379 
0.0461 0.0469 


2 
2122-212 _ | t 
1°2 -( thy Py 


(4.39) 


23 sin“A + py 


By inserting the appropriate atomic masses according 
to py = 1/14.00754, HX = 1/15.00489 and py = HY 
= 1/16.00000, and with the value 2a = 134°15’, the 
numerical results 1.0239 and 1.0227 are obtained for 
the respective ratios of equations (39). Approximately 


the interaction mean-square amplitudes may be neglected. 
The first one of equations (39) then reduces to 


= 1.0290 . (4.40) 


4.5. Treatment of tetrahedral XY, molecules *) 


A similar treatnent to that of the preceding 
section has been performed for the tetrahedral XY, 
molecular model. Some of the theoretical results will 
here be presented, together with numerical computations 
for gerwanium tetrachloride. 


Fig.12. Notation used for the tetrahedral XY, mole- 
cular model (T,). The symbols designate deviations 
from the equilibrium. The equilibrium X-Y bond length 
is identified by the symbol R. 


*) See also references (4), (#4), (74), (03. 
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Molecular symuetry. The considered molecular model 
(Pig. 12) has the T, symmetry. The normal modes of vibra- 
tion are distributed among the syuetrical epecies accor- 
ding to 


= A, +E+ . (4.41) 


In the following a complete set of symmetry coordi- 
nates is given, as formed by an orthogonal traneformation 
from the valence force coordinates (see Fig.i2). 


Species A,: 8, = 


= 
Species E: 


= 64 

(x, 


Speci F.3 
S,.= 6 


44-254), 
= ok 
S35" 2 
45-0 444024): 
(4.42) 


The following redundant coordinate of the species A, is 
present. 


It should be noticed that the angle displacemente have 
been multiplied by the equilibrium distance R. 


x 


Energy matrices and mean-square amplitude matrix. 
The forms of the energy matrices of the considered type 


of molecules have been reported several times. As for 
the symmetrized G matrix in particular, references are 
made to (91), (#4) , (01) , (125), (2). Still it seems appropriate 
to include the energy matrices here for conformity. The 
symmetrized potential energy matrix is given by: 


Species F 

Species Ay Species E 
s FS) 
3 4 

8, 
s K 
3 3 
F:. 8, 8, [%2] 

4 


These force constants are given by 


K, = +3k , Po = f,-2f 


= ot 


~ 
t 


in terms of the valence force constants which enter into 
the potential energy function (V), written in the following 
way. 


2 
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#25 (0 548444854) (0, 40554045) 


(4.45) 
The symmetrized G matrix and its inverse will now be 
given. 
3 So 
Species Species E: [ 
G pecies [ Hy pecies 2 
8, 
G: Species F,: 
S4 
8, So 
67): Species Aj: 8, [ | Species E: S, 
Species Fy 8, 8, 


-1 


S4 y+ Spy) (4uxtpy) 


The symmetrized mean-square amplitude matrix is given 
by: 


Species A, Species B Species Fy 
s 
3 4 
z 
S4 24 
One has 
(4.46) 
where the entering quantities are defined by 


Because of the redundancy, sone. combinations of force 
constants are indeterminate, viz. £,+4f and 


Certain sowbinations of the mean-square amplitude quanti- 
ties, however, are equal to zero. From the obvious rela- 
tions 


=O, Ss 
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S,. being the redundant cootdinate [see equation (43) ], 
and 8, an arbitrary coordinate, it is found 


+t, = 0°, Pot =O. (4.49) 


Normal frequencies. For the normal frequencies in 


terms of the A values (A= .4n°y*) it is found 
= Kay Ag = py 
(Buy +3py) » (4.50) 
Asha = 504 - By 
The equations in terms of 4 values | A = 
(h/8x*y) coth(npy/2) } read 


= 1 ot 


«1 


2 -1 
A set of relations siwilar to those of (35), involving 
both the force conetants and the wean-square amplitude 


Matrix elements, may also be established in the present 
case. 


Connection with the central force coordinates. A set 


of central force coordinates is obtainea frou the valence 


| 
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force coordinates by replacing the Ra-type coordinates 
With the non-bonded distance deviations. Also a new set 
of symmetry coordinates may be established in terms of 
the central force coordinates as given in the following. 
For the notation, see kig.!/2. 


4 | 
Species A,: = 


Species E: } 
= 
6 
+ -t 
Si,2 12 

© 
2-f(r-r,), 


| (4.52) 


An additional coordinate of the species A, must be in- 


Cluded to achieve a complete orthogonal set, viz. 
Ss, = 6 og): (4.53) 


With this notation, the redundant condition may be 
written 


2s; -S; #0. (4.54) 
Consider the transformation 


S'=AS (4.55) 
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where § and §' are column matrices containing the 
coordinates of equations (42) and (55), respectively. 
The traneformation matrix is given by: 


a, 
0 0 0 
Ss 6 o 0 
A: 
0 0 0 


0 0 


= a 


The energy matrices and the mean-square amplitude watrix 
in terme of the new symmetry coordinates may be deter- 
mined by transformations of the corresponding uatrices 
in terms of the original synnetry coordinates, according 
to the following scheme. 


In particular, the mean-square amplitwe uatrizx in 
terme of the new symmetry coordaina-~tes will be studied, 
and is given by: 


Species F, 
Species A, Species E 

83 

3 4 
S: |Z; 


| 
| | 
| 
>) 
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One has [cf. equation (46) | 


where 
wy 
In accordance with the redundant condition (54) one 
has 


4(a3+30}) + = 0, 


(4.59) 


From the last one of relations (56) together with 
the equations of (46), the following expreseic :s are 
found for the matrix elements of equations (57,, in 
terme of the previously introduced quantities. 


= » £4, = + $64 (4.60) 
7 + $(t,-t.) + -¢,) 
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Interatomic distance deviations. There exist two 


types of interatomic distances in the considered case, 
the distance deviations being represented by 


r=%, = + . (4.61) 


In terms of the symmetry coordinates of equations (42) 
one has 


rts, - , (4.62) 


r*= sets, + $(s,,+2° ) 4s, ‘ 


The mean-square amplitudes of vibration for the 


bonded and non-bonded distances, viz. =r” and 


= (r*)* are expressed by the previously intro- 


duced matrix elements in the following way. For the nota- 
tion, see equations (58) and (47). 


= = 


(4.63) 


Simple approximations for germanium tetrachloride. 
In the simple approximations (of. section 4.3) specified 


below, and which are going to be illustrated by couputa- 
tions for gerwaniun tetrachloride, the harmonic vibrational 
conétants are deteruwined by two given quantities. 


(a) Simple valence force field approximation (SVF-f). A 


sort of a simple valence force field approximation is 
by putting K, = Ks, Po $4 and 0, i.e. 


k, + 0, f, = fp and g, = 8: For the notation it is 


| | 
| 
% » 


referred to equations (44) and (45). 


(b) Simple valence force wean-square amplitudes approxi- 
wation at absolute zero (SVF-a,0O). In this case the 
wean-Square amplitude matrix at the absolute zero point, 
its elenents having veen specified in equations(46), is 
assumed to have the form 2, = = 24) = 0. 
These conditions may be expressed in terms of the quan- 
tities of equations (47) as o, = 0, T, = To, Py: 


(c) Simple valence force mean-square amplitudes approxi- 
mation at 298 °K (SV¥-a,298). The conditions defined in 
(b) are assumed for the mean-square amplitude quanti- 
ties at the temperature of 298 %. 


(d) Simple central force field approxiuation (SCP-f). In 
this case, the approximations analogous to those of the 
case (a) are aseumed for the potential energy matrix 
elements based on the central force coordinates. In 
accordance, the present approxination is found to be 
defined by Ky = Kz +4o,- Po 290, = 0. 


(e) Simple central force mean-square amplitudes approxi- 
mation at absolute zero (SCF-a,0). In analogy with the 
case (b) it is assumed for the mean-square amplitude 
watrix elements given by equations (60) and at the 
absolute zero point: » = and 234 = 

It is possible to define this approximation in terms of 
the quantities of equations (46) in the following way: 
425+ t 425g 2254+ 25,7 
(f) Simple central force mean-square amplitudes approxi- 
mation at 298 o% (SCF-a,298). The conaitions of (e) are 
assumed for the mean-square amplitude quantities at 

298 °K. 


in the present calculations the experimental 
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Table XXXII. Calculated and observed vilrational frequencies 
of germanium tetrachloride (ca? units). 


Species A E F 


1 2 
No. rT 2 3 4 
(a) | 397.0 *) 132.0 *) 516.4 142.4 
(b) 307.0") 182.0 713.6 144.6 
(c) 307.0 132.0%) 571.0 142.3 
(a) 307.0 “) 132.0 *) 524.8 140.1 
(e) 397.0 “) 132.0 °) 788.7 130.8 
(F) 307.0 “) 132.0 *) 588.5 139.3 

Obs. 5) 307 132 452. 171 


*) Used in the calculations. by See reference (9. 


values () for the frequencies y, and v, were used, and 
are quoted in Table XXXII The numerical results for the 
force conetants [see equations (44)] and ‘the mean-square 
amplitude matrix elements |see equations (46)] are given 
in Table xxxIII.In Table XXXII, the calculated frequencies 
and “4 by the approximations here concerned, are in- 
cluded. 

From the calculated frequencies (Table XXXII) it 
may be concluded that the approximations in the force 
field, viz. (a) and (dg), are somewhat better than the 
corresponding approximations among the mean-square ampli- 
tudes, viz. (b) and (e), or (¢) and (f), respectively. . 
This superiority, however, is not very substantial. As a 
whole it must be concluded that the simple: approximations 
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Table XXXIII. Calculated force constants and mean-square 


anplitude quantities of germanium tetrachloride by the simple 


approximations (a) — (f). 


Force constants Mean—square amplitudes (kK?) 

(mayneX™) 208 °K 
Ky 3.2912 zy 0.0011979 0.0016116 

%o 0.12128 Ly 0.010809 0.025076 


Force constants Mean—squore amplitudes (4?) 
(a) (maynek*) T= 0 208 °K 
Ks 3.2012 0.0015287 0.0018253 
0.12128 0.012462 0.035643 
4 0 = 34 —0.0009402 —0.0004499 
Force coustants Mean—square amplitudes (2?) 
(b) T-0 208 
Ky 5.4343 by 0.0011979 0.0015109 
4 0.18616 0.010809 0.030113 
—0.47506 = 34 0 0.0020852 
Force constants Mean—-square amplitudes (4?) 
(c) (maynek *) T=0 208 °K 
Kg 3.9509 Ly 0.0013889 0.0016116 
0.12400 0.012243 0.035076 
—0.05204 —0 .0007476 0 


34 


Force constants Mean—square omplitudes (k?) 
(a) (mdyned T= 0 298 °K 
Kg 3.7763 Zs 6.0015146 0.0018238 
0.12128 0.013683 0.040661 
0.24256 —0.0015989 —0.0029586 
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Table XXXIII (Continued). 


Force constants Mean—square anplitudes (A?) 

(e) (maynek *) T= 0 208 
Ra 9.3227 0.0011979 0.0017924 

0-24256 0.015600 0.050546 

1.21465 Eg, ~0.0023050 —0.0068045 

Force constants Mean—aquare omplitudes (4?) 

Kg 4.7988 Ze 0.0013646 0.0016116 

0.12660 0.013828 0.041522 

0.33428 Ey, -0.0016047 ~0.0032231 


having been applied, are not very good, a greater accuracy 
being claimed in the majority of practical cases. Hence 
the results given in Table XXXII] have not great value. 

It is interesting to notice the large differences 
between the mean-square amplitude approxinations at 
T = O and 298 bs respectively. These differences would 
be emaller for molecules with higher norual frequencies, 
but nevertheless the mentioned temperature-—de pendent 
approximations seem to be somewhat arbitrary. 


Modified approximations for germanium tetrachloride. 
Another set of two-constant approximations could be 
Carried out by using the experimental values of Voy and 
“4 in the calculations (instead of ¥, and ¥> in the case 
above), but it would hardly be worthwhile to do this work. 


A better idea is to bring the caloulations to be consis- 


¢ 
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tent with all the observed frequencies ("9 by waking 
allowance for Some non-vanishing interaction terms. 
Such calculations are reported in the present paragraph, 
the following cases having been concerned: 


(g) Modified valence force field approxiaation (MVF-f). 


(h) Modified valence force mean-square amplitudes 


approximation at 298 °K (MVP-a,298). 
(j) Modified central force field approximation (MCF-f). 


(j )-Mo@ified central force mean-square amplitudes 
approximation at 298 °K (MCF-a,298). 


These cases are modifications of the approximations 
treated before, and specified by ths following condi- 
tions. 


(9g) MVF-f: [= 0. 


(h) MVP-a , 298: 234 = 0 for the mean-square amplitude 
at 296 °K. 


(i) McP-f: f- 2¢, = 0. 


(j) MCPea, 298: = 224+ = 0 for the mean- 
Square amplitudes at 298 °K. 


Also the assumptions corresponding to (h) and (j) for 
the nean-equare amplitudes at the absolute zero point 
were tried, but gave imaginary vibrational constant 
values. 

In the following calculations it will not be 
possible to discuss the nutual superiorities of the 
different cases by checking the calculated frequencies, 
since all tne observed frequencies will be reproduced 
accurately by the calculations. Compared to the sinple 
approximations, however, an essential improvement will 
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Table XXXIV. Calculated force constants and nean-square 


amplitude quantities of germanium tetrcechloride by the 
modified approximations (gq) — (j)- 


Force constants 


Mean—square amplitudes (A?) 


(q)-(j) (mayneX *) T= 0 208 °K 
Ky 3.2912 ty 0.0011979 0.0016116 

0.12128 0.010809 0.035076 
Force constants Mean-square amplitudes (4?) 

(9) (maynek *) 208 
Ks 2.4520 Es 0.0017629 0.0022655 

%4 0.17985 0.010366 0.024504 
r 0 —0.0009942 —0.0004577 
Force constants Mean—square amplitudes (A2) 

(h) (mayne *) T-0 208 
Ks 2.3504 0,.0017875 0.0023478 

0.18364 0.010082 0.023642 

r 0.04884 ~0-0008577 0 

Force constants Mean-square amplitudes (A2) 

(i) T-0 208 °K 
Ks 3.0257 Zs 0.0018112 0.0024272 

0.19711 Z, 0.011969 0.029970 
r 0, 39422 —0.0020956 —0.0041516 
Force constants Mean-square amplitudes (A2) 

(mayned T= 0 208 °K 
Kg 3.1565 ~3 0.0019064 0.0027467 

%4 0.23121 0.012334 0.031196 
0.53742 .0024957 —0.0054934 
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be achieved. 

The numerical results for the force constants 
and mean-square amplitude watrix elements are listed 
in Table XXxIV. Only the most reliable one of the two 
sets of solutions, arising from the quadratic secular 
equation, are included. *) 


Force constants of the species Po for germanium 
tetrachloride. The three force constants of the triply 


degenerate species cannot be determined without ambigu- 
ity from the two normal frequencies. To obtain real 
values for the force constants, consistent with the 
observed frequencies v3 and », (Table XXXII), the 
following condition must be fulfilled for the inter- 
action force constant in mdyne at: 


-~0.31560$ $1.3908 . 


All the possible force constant values over this range 
are represented by the ellipse in Pig. 13, the same 
procedure having been followed as previously for nitro- 
gen dioxide (see Fig.9). The results from the approxima- 
tions (g)-(j) (See Table XXXIV) are indicated on the 
diagran. 


Mean-square amplitudes of the species F., for 
germanium tetrachloride. Ths three mean-square amplitude 
matrix elements of the triply degenerate species, viz. 
and at 298 are represented by the ellipse 
of Fig. 14 (of. Pig. 10 for nitrogen dioxide). The 
reetriction for the interaction mean-square amplitude 
in A* units is 


-0.013490 2548 0.0024996 . 


The results from the approximations (g)-(j) (see Table 
XXXIV) are indicated on the diagran. 


+) For other calculations, see (61) , (63), (125), (#93), 9). 
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Fig.1%. Force constants for germanium tetrachloride, consistent 

with the observed frequencies. (g): MVF—f; (h): MVPa,298; (ij): 

MCF-£; (j): MCF-a,298. 
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Mean amplitudes of vibration for the interatomic 
distances in germanium tetrachloride. The most impor- 
tant ones of the mean-square amplitudes here concerned, 
are the two designated co, (or 33) and TS [see equations 
(63) |]. These quantities correspond to the bonded and 


23 
70.040 
4 234% -0.005 
0.0104 + 24,77 0.0025 
24,20 
\ 
X 
% 
0,005 
25470.0024996 0.010 
-0.0075 
0.005 
25,70 23,7 0.0025 
0,005 0.040 0.045 0.020 0.025 0.030 A 


Fig. 14. Mean-square amplitude matrix elements at 298 °K for 
germanium tetrachloride, consistent with the observed frequen— 
cies. (9): MVF-f; (h): MVF-a,298; (i): MCF-f; (j): MCF-a,298. 
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\ 
X 23, = -Ovcas 


0.006 0.007 0.00¢ 0.009 0 010 0.014 0,012 A 


Fig.15 . Mean—-square amplitudes of vibration at 298 °K for 
germanium tetrachloride, consistent with the observed frequen— 
cies. (g): MVF-f; (h): MVF-a,298; (i): MCF; (j): MCF-a,298. 
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non-bonded dictances, respectively, and are also 
obtainable by electron-diffraction. In Fig. 15 they 
are represented graphically over the whole possible 
range consistent with the obeerved frequencies. This 
representation has been performed in a slightly diffe- 
rent manner from the corresponding treatment of 
nitrogen dioxide (Fig.11). 

The mean amplitudes of vibration for the bonded 
and non-bonded distances are given by Uy_y = of = 


(o:)* and = (xs)? Their numerical values, 


obtained by the modified approximations (9)-(j) are 
given in Table XXXxV. 


Table XXXV. Mean amplitudes of vibration in germanium 
tetrachloride by the modified approximations (9)-(j) A units. 


Distance Ge-Cl Cl--- Ci 
T=0 298°K T=0 208°K 
(q) 0.0403 0.0458 0.0651 0.1014 
(h) 0.0405 0.0465 0.0656 0.1024 
(i) 0.0407 0.0472 0.0617 0.0939 


(j) 0.0416 0.0496 0.0605 0.0913 
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5. AN APPROXIMATE METHOD OF CALCULATING MEAN 


AMPLITUDES OF VIBRATION 


5.1. Introduction 


The rigorous method of caloulating mean ampli- 
tudes of vibration (cf. chapter 2) is based on the 


formula 
2-5 
(5.1) 


[of. equation (2.15) ]. Q, represents the normal coordi 
nates of vibration, and 8, is a coordinate connected 
with the normal coordinates through the linear combi- 


nation 


[of. equation (2.13)]. As pointed out by Morino et 

al. (98), the procedure for computing the coefficients 
Ly involves troublesome calculations. The calculations 
are avoided by an approximate method deduced by the 
same authors (9%) and based on the approximation 


1% 
coth t = + (5.3) 


for the hyperbolic cotangent wnich enters into the 
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expression for e of equation (1) according to equation 
(2.14). The derived approximate formula reads 


of n* 


where and G55 p+ are the proper diagonal 


elements of the ey and G matrices, respectively, k 

is Boltzmann's conetant, and T the absolute temperature. 
Tnis formula is very convenient for practical use, but 
it cannot be applied in cases of virrational frequencies 
above about 1200 om™'. The reported error in the mean 
amplitude of vipration is up to 4 percent for frequencies 
below 1200 om™', 

In this chapter, a refinement of Morino's metnod 
including further terms in the approximation for coth t, 
is reported. The resulting formulae are not quite so 
simple as the formula of Morino et al.(4), but they 
give greater accuracy for the mean amplitudes of vibra- 
tion and have been adjusted for ranges of frequencies 


up to about 3000 on™. 


5.2. Theory *) 


The theory will be developed with an approximation 
for coth t containing four terms, viz. 


coth t = + - (5.5) 


*) For the original publications, see (+4), (37), (8). 
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The 9’s are constants, which may be adjusted in 

correspondence to the range of vivrational frequencies. 
Let A and A denote diagonal matrices, with the 

elements along the principal diagonals reepectively 


Ay = 4n° ve (5.6) 
ana 
A, = (b/8n°y, )ooth(hy, /2k?) 


[cf. equations (2.18), (4.4),(2.14) anda (4.9)]. By 
introducing the approximation (5) with t=hy, /2k? 
in equation (7) and making uee of the 
the following formula is obtained, 


Here 
2 4 
16x kT 256n (kT) 
(5-9) 
y79_,xk?, he 


The transformation (2) way be written 
$=La (5.10) 


in matrix notation, wnere S and @ are column matrices. 
Hence the expression for the’ mean-square: ‘amplitude of 
Vibration, equation (1), becomes 


a 
| 


~ 
= - (5.11) 


By inserting equation (8) and waking use of the rela- 
tions (2.17), the watrix & may be eliwinated with the 
result 


+1? 3; + aG - B(GFE ) 53° 65-12) 
Compared with Morino's approximate formula [see equa- 
tion (4)}, two additional terms appear in equation 
(12). Consequently, the whole F and @ watrices must 
be known, and in addition to a few matrix multiplica- 
tions, an inversion is implied. 

Because of the diagonalization of the matrices, 
the calculations will be greatly facilitated when s, 
[ see equations (2) and (10) | are chosen as symmetry 
coordinates. 

Let the desired mean-square amplitude of vibra- 


tion be denoted by zr. It will now be assumed that Ty 


does not occur among the set of internal coordinates 
8; used for setting up the F and G matrices which enter 
into equation (12). In such caees, the traneforuation 


(5.13) 
J 
is very ueeful. In matrix notation it can be written 


r= US = (5.14) 


where U; is the column matrix formed by the coeffici- 


ents U5 Coneequently, the forwula for the mean-square 
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amplitude of vibration, similar to equation (11), 
reads 
U,(LAL)U,, (5.15) 


and after elimination of L, in the sane way as 
previously, yielde the following result. 


rm = -3 VU, (FGF) U, +7 F 


+ aU,GU, - BU,(GFG)U, . (5.16) 


5.3. Nuwerical constants 


Ad juetment of the 9’s. The constants 9 of 
equation (5) were adjusted by a least-squares wethod. 
The following four intervals of t were chosen for 
working out the four-constant approximations: 


I t = 0.5-4.0, 
II t= 1.0-5.5 , 
III t = 1.5-6.5, 
t = 2.0-7.5 


Which of these intervals snould be applied for the 
calculation of @ mean amplitude of vibration in a 
given case, depends on the magnitude of the normal 
frequencies contributing to the vibration in question. 
The approximations for coth t are given in Table XXXVI 
where also Morino's approximation |see equation, (3) } 
is included. The deviations from coth t are found to 


lie witnin about t 1 percent by the four-constant 


fy 
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Table XXXVI. Mathematical approximations for coth t. 


t coth t Morino*) re) rye) 
0.1 10.033 10.025 

0.5 2.164 2.125 2.164 

1.0 1.313 1.250 1.323 1.310 

1.5 1.105 1.042 1.095 1.120 1.101 

2.0 1.037 1.000 1.027 1.031 1.083 1.032 
2.5 1.014 1.025 1.013 1.000 1.014 1.023 
3.0 1.005 1.083 1.013 0.996 0.997 1.006 
3.5 1.002 1.010 1.003 0.993 0.994 
4.0 1.001 0.991 1.011 0.998 0.991 
4.5 1.000 1.014 1.004 0.992 
5.0 1.000 1.008 1.010 0.996 
5.5 1.000 0.988 1.011 1.000 
6.0 1.000 1.006 1.003 
6.5 1.000 0.993 1.003 
7.0 1.000 0.999 
7.5 1.000 0.989 
®) (1/t) + (t/4). 
B) 0, = 0.267, 6, = 0.00540, = 1.076, = 0.0151 . 
©) @, = 0.211, 0, = 0.00246,0_, = 1.810, 9_, = 0.208 . 
@) 69, = 0.170, 0, = 0.00133, 6_, = 1.665, 6_, = 0.875 . 
©) 6, = 0.199, 6, 0.000770,9_, = 2.074,6_, = 2.215 . 


approximation, corresponding to about * 0.5 percent 
error in the mean amplitude of vibration. 


Tabulation of numerical conetants. 
constants a, $, y, and 3 have been enumerated according 


The 
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Table XXXVII. Numerical constants for calculcting 


mean amplitudes of vibration. *) 


I (t = 0.8-4.0) 10°a 10°B 10° 10°6 
1-273 (190-1519 1.18576 2.82449 0.40573 0.48344 
298 (207-1658 eon *) 1.08634 2.17192 0.44287 0.62870 
323 (225-1797 cm‘) 1.00230 1.70584 0.48000 0.80048 
II (t= 1.0-8.5) 10% 107y 108 
T=273 (380-2088 cm) 0.93706. 1.28671 0.49397 0.66594 
208 (414-2279 0.85849 0,986943 0.53918 0.86602 
323 (449-2471 en *) 0.79208 0.77710 0.58439 1.10264 
Ill (t= 1.5-6.5) 10° 10°83 108 
T=273 (570-2468 em) 0.75498 0.69566 0.62783 0.28014 
298 (622-2604 cm) 0.69168 0.53494 0.68529 0.36431 
323 (674-2920 cm) 0.63817 0.42014 0.74275 0.46385 
Iv. (t = 2.0-7.5) 10°. 
7-273 (759-2848 cm) 0.61731 0.40275 0.78206 0.70916 
208 (829-3108 em‘) 0.56565 0.30970 0.85363 0.92223 
323 (898-3369 cm) 0.52180 0.24924 0.92521 1.17421 


*) Based on the following physical constants: 


= 2.997929.102" 


23 


k = 1.38042.10 2° 


erg sec, 


erg degree. 


em N(Avogadro's number) = 


6.02472.10°°, h = 6.6252.10 


| 
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to equations (9) for each of the approximations I 

IV and at the temperatures T = 273, 298 and 323 %. 

Tne numerical values are given in Table XXXVII. Tr 

obtain the mean-square amplitude of vibration in 4° 
units, mdyne A7' and atomic weight units should be 
applied to the force constants and the masses, which 
enter into the elements of the F andG uatrices, respec- 
tively. 


5. 4- Application to mean-square amplitude 
matrices 


The hyperbolic cotangent approximations reported 
in the present chapter may also be applied for computing 
the complete mean-square amplitude watrix £, given by 


(5.17) 


[of. equation (4.10) }. Another mean-square amplitude 
watrix, bdeing connected with the set of quantities rj 
[see equations (13) and (14)]| will be given by 


P= ULALD. (5. 18) 


By using Morino's approximation (3) for elimina- 
ting the L watrix, the following expressions are deduced 
for the respective nean-square amplitude matrices. 


2 
2 


h 
64n 


kT 


(5.20) 


P= + 
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With the refined approximation for the hyper- 
bolic cotangent, viz. equation (5), the corresponding 
equations read 


+06 - pGFE, (5.21) 
+y~UF-'U +2UGU 
BUGFGU. (5.22) 


Por a specific mean-square amplitude quantity, being 


defined by 
one has 


= 


+ aU, GU, - 8U,GFGU, (5.24) 


Equation (16) represents the special case of equation 
(24) with i = j. 


5-5-Application to simple molecular models 


In several cases of sinple molecular wodels it is 
convenient to express explicitly the approximate mean- 
square amplitudes of vibration according to the described 
method, in terms of the atomic masses and the force 
constants. 

In accordance with equations (12) and (16), the 


matrices G6, GFE, and (FGRF)7' are to be 


evaluated. However, the term containing the a coeffi- 
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cient is always equal to a(py + Hy) » where By and 
Hy denote the inverse masses of the adjacent atoms 
attached to the considered interatomic distance (98). 

By evaluating the explicit formulae of wean-square 
amplitudes of vibration, the following scheme has 
showed to be useful: (i) Setting up the 6 and F nat- 
rices, (ii) determination of the corresponding inverse 
matrices, (iii) performing the matrix multiplications 
6FG and (iv) expressing the inter- 
atomic displacements in terms of the chosen internal 
coordinates, and (v) determination of the terms of the 
mean-square amplitude formulae. 


Some examples. The approximate mean-square ampli- 
tude formulae for the simple molecular models treated 
in the sections 2.2 and 4.2 may be derived straight- 
forwardly. Such formulae, however, are supposed not to 
be practically important because of the simplicity of 
the rigorous formulae as given in Tables IV and XXV. 

On this place only some examples will be given, namely 
the expressions for linear symmetrical XY, molecules 
and for tetrahedral x, molecules. In the former case 
one has 
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Here the same designations have been used as those of 
sections 2.2 and 4.2.*) In the case of tetrahedral 
X, molecules it has been found 


In this equation the entering force constants are those 
of the symmetrized potential energy uatrix. The 
connection with the previously used force constants 
[see equation (2.46) ] is 


Linear triatomic molecules. The theoretical 
treatment in the general case of linear triatonic 
molecules is published elsewhere (4°). The cited paper 
is concerned with the mean-squere amplitude watrices, 
and includes the final formulae for the approximate 
mean-square amplitude quantities. In the present para- 
graph a detailed evaluation of these formulae will. be 
presented. 

Since the displacements to the first order 
approximation are considered, only the parallel vibrations 
need to be taken into account. Hence the vibrations are 
described by the two interatomic distance deviations 


*) The reader should not be confused by the differing usage of 
the symbol 8. 


2 2 
= - B($K, + $K, + 2K5 
K, = k+4k'+k" , Ky = k-2k'tk" , K,=k-k" (5.28) 


Pig.16 . Linear triatomic YXZ molecular 
model (C__). The symbols r, and r, de- 
nete the deviations from the respective 
equilibrium distances. 


defined by Pig.16. In terms of these coordinates 
F anadG matrices are given by: 


2 

r k k* r + = 
To ky My tH 


by the equation 
ov = + + 2k'r.r 
"4 2°2 
By inversion of the matrices, one obtains: 


the 


Z 


The corresponding potential energy function is given 


(5.29) 
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ry To 
~ 
Hy bx 


By matrix multiplication it is found 


A 
GFG ° -| | » (5-30) 
b B 


where 


2 


2 

(5.31) 


A= [ko + py] 


-1 


|| 
| 
and 
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C= = (yy Kok" (yy tes) } 


(5.32) 


The interatomic distance deviations for the non- 
bonded atom pair, viz. Y---Z, are given by 


r*= + To (5.33) 


Hence all the mean-square amplitude quantities to be 
considered may be given as matrix elements by: 


r, r 
e 
o* 


let one of the matrices ©,GFG, ana 
(FERF)-' be denoted 


z 
He (5.34) 
y 


Accoming to equation (24), the following expressions 
are required for computing the P matrix elements, 


u,HU, =x, U,HU,=y, 
U, HU, =Z, U* H U* = , (5.55) 
U,HuU* =x+z , UH U" = . 
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In these equations 


U, = U, = ’ U = (5.36) 


The final expressions for * ‘ 


and O° = (r*)© are included in Table XXVIll.For the off- 


diagonal elements of the P matrix,’ i.e. the interaction 
mean-square amplitudes, the following results have 
been deduced. 


o == 


“2 


-3 ) (x ,+k5~2k' (ko-k' (k,-k My! 


(5-38) 


| 
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= 


(5.39) 


Linear symmetrical XY, molecules. The approximate 
formulae for the mean-square amplitudes of vioration of 
the four types of interatomic distances are included in 
Table XXXVI. To define the entering force con:tants, the 
linear part of the harmonic potential energy function is 
given below. 


Por the coordinates here applied, see Fig. 17. 


Fig.17. Linear sycmetrical X,Y, molecule model (Dow The 


synbols denote the respective interatomic displacements. 
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Plane syuue trical AY, molecules. This molecular 
model has been treated extensively in section 2.3. The 
same notation [see especially equations (2.53) ] has 
been used by evaluating the approximate formulae, which 
are given in Table XXXVIII. 


Tetrahedral XY, molecules. For an extensive 
tneore tical treatuent of this molecular model, reference 
is wade to section 4.5. The evaluated approximate 
formulae for the mean-square amplitudes of vibration 
are given in Table XXXVIII. 


Table XXXVIII Mean-square amplitudes of vibration of simple 


molecular wodels.III. *) Approximate formulae. 


Molecule Distance Mean-square amplitude of vibration 
Linear a(pe+u,) 
YXZ 


x (le!) (a 


2 2 


Table XXXVIII (Continued). 


Y-Z 


a 


Linear x-Y 
symm. 


x-x 


4 


x[ (le, +k} 
a(uytuy) 
+ [2 + ky ~ 
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Table XXXVIII (Continued). 


Y-¥ Zan, — 
| +Y (Ic, +k} )[ (k, +k} 


Pl x-Y 


+ 
+ [ (ato + ¥(3 974 


X (Suytny) Hy 


|| 
| 

A 


Table XXXVIII (Continued). 


Tetra- x-Y 
hedral 


Y-¥ $6 (2K,+3 > .+2K,+2 uy 


*) For I and II; see Tables IV and XXV. 


Numerical examples. In this paragraph some nunerical 
reeults will be ‘presented for the nean amplitudes of vibra- 
tion of some simple molecules, calculated by the described 
approximation method. 

When the same molecular constants are used as 
previously for “\gr, (see Table VI), the forwulae given 
in Table XXXVIII lead to 


158 
5.5. 


al 


159 


5.5. 


= 0-1434u 0.16488 + 0.13907 0.16278 , 
(5.41) 
= 0+ 10530 0.03371p+ 0.45187 - 2.69488 


Here the numerical values are based on atomic weight 
units for the masses, and mdyne an for the force cons- 
tants. After a glance on the magnitudes of the frequencies 
(480.4 - 1453.5 om™'; Table VI), it ic seen from Table XXXVI 
that both of the approxiwations I and II can be applied. 
By a further inspection (Table VII) it is found that the 
vibration (1453.5 om” ') gives an almost negligible 
contrivution to the interatomic distance deviations for 

a bonded atom pair (B-F). Hence the approximations III, 

as weli as IV (at least at the two lower temperatures 
referred to in Table XXXVII), may also be expected to 

give reliable results for u,_,, but not for u,__,. The 


computational results at. 298 °K given in Table XXXIX 
show a perfect agreement with these predictions, if the 
values are compared to those from rigorous calculations 
(Upp = 0.0425 A, 0.0552 A; Table VIII). The 
failure of the approximations III and IV for a non-bonded 
atom pair (F---F) is demonstrated by the figures in 
parantheses in Table XXX]X. All the otner values for 
"'BP, deviate less than 0.5 percent from the rigorous 


ones. 
In the application of the present method to 
germanium tetrachloride, the force constant values from 
the modified valence force field, referred to as (g) 
in section 4.5, were used (see Table XXXIV). Then it was 


found 


d 
ay 
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Table XXXI1X.Approxinate mean anplitudes of vitration at 298 
for boron trifluoride (**nr,) and germenium tetrachloride (A units). 


Approximation 
Molecule Distance I Il III Iv 
Be 0.0426 0.0425 0.0424 0.0424 
3 0.0553 0.0554 (0.0591) (0.0442) 
GeCl, Get) 0.0459 (0.0452) (0.0367) 


C}-Cl (0.0994) 


= 0+04198a = 0.004825p + 0.3818y 4.26625 , 
(5.42) 
2 
= 0-05641a 0.003237B + 2.3175, - 157.418. 


The lowest vibrational frequencies of germanium tetra- 
chloride (Table XXXII) are seen to fall outside the ranges 
being encountered for in Table XXVIL It may be realized, 
however, that the interatomio distance deviations for a 
bonded atow pair(Ge-Cl) depend mainly on v, and 3° Hence 
the approximation I may be expected to give reliable 
results for (cf. Table XXX). Morino's approxima- 
tion (4) applied to this case gives u.,_,, = 0.0447 A 


and Up)..9) = 0.1006 A at 296 °K, these values deviating 


-2.4 and -0.8 percent, respectively, from the rigorously 
Calculated values = 0.0458 A, = 0- 1014 A; 
Table XXXV). 
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5.6. Application to a molecule of the plane 
symmetrical XYZ type 


The mean amplitudes of vibration of some molecules 
of the type to be considered here, have been studied by 
Bakken, *) from whose thesis some of the numerical values 
in this section have been taken. A theoretical treatment 
of the vibrations of XYZ type molecules has also been 
given by Venkateswarlu and Sundaram (!?7). For some approxi- 
mate calculations of mean amplitudes of vivration, in- 
Cluding those for formaldehyde, this being the molecule 
to be concerned here, reference is made to a paper of 
Cyvin and Bakken (4%). 


Molecular symmetry... The planar vibrations of the 
molecular model here considered (Fig.1!8). are desoribed 


by the five internal coordinates given on the figure. 
For the symmetry properties of the normal modes of 
vioration it is found 


F(Q) = 3a, + 2B, + B, - (5.43) 


The vibration belonging to the species B, is an out-of- 
plane motion. 

The following sywmetry coorainates have been 
formed. 


' #) See reference (1°), and the thesis: J.Bakken, Teoretiske 


studier over molekylvibrasjoner, Norges tekniske hsgskole, 
Trondheim (Norway) 1957. 


Fig.t8. Notation used for the plane symmetrical XY,% molecular 
model (c,.). The symbols denote the deviations from equilibrium 
values. The equilibrium lengths of the bonds X-Y and X-Z are 
designated R and D, respectively, and 2A is the equilibrium value 
of the YXY angle. 


Sym. species 8 =a, 
2-(ap)*(a,+0 


2)» (5.44) 


i 


4 at (r-r,) 


s 


9) 
Notice that the angle displacement coordinates have been 


multiplied by (RD)t , in order to have the same dimension 
to all the symmetry coordinates. 
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Table XL. In-plane force constants for the plane symmetrical 
molecular model. 


ry a (RD) a, (ap) a, 
a Ka faq 
(BD) a, 


Energy matrices. The harmonic potential energy 
function contains nine force constants, given in Table 
XL. For the syumetrized potential energy matrix, see 
Table XLI. 


Table XLI. The symmetrized in-plane potential energy matrix 


for the plane eymetrical xY,2 molecular model. 


1 2 3 
' 
Species A, 8, ate 
8, 
s k —k' -e' 
Species B, 4 oie ra “ra 
s 
5 


| 
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Table XLII. Elements of the in-plane inverse kinetic energy 


matrix for the plane symmetrical XY,2 molecular model. 


d 
ad bythe 
d ~(0/a)* 
(D/R) (u,+ny) + (B/D) (uz+ng) + 2uycosA 
Fa, 
+ (2/D)* Juzeina 
d 
~(D/R)p,cos2h — (R/D)(uy+u,) - 


The G matrix elements which correspond to the force 


constants of Table XL , may be determined by weans of 
tabulated formulae (47), (#%}, and are given in Table XLII. 
Px: Py and Be denote as usual the inverse masses of the 


respective atoms. In Table XLIIl, the elements of the 


symmetrized G matrix are tabulated. 


Interatomic distance deviations. A set of four 


representative interatomic dietance deviations in the 
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yeoo™ny + (a/a)e + (4/a) 
¥5 : 
(Arey (a/a) 
2 


*Tepom xy 


5.6. 
considered molecular model (Fig. 18) is given below. 
rer,, @, t= (r,+Pp)sina R(a,+a,)cosa 


r= ea) (5.45) 


+ + RDu, sina] . 
In terms of the symmetry coordinates one has: 


rs a=8,, 


t= 2*[s,sina (2/D)* 80084] 


(5.46) 


r*= (R°+D +2RDeo8a) [27 
+ (D+Rcosa)S, + 


+ + 2” 


Computation of the approximate mean-square ampli- 
tudes of vibration. Let one of the watrices G,GFE , 


F-' ana (FCGR)~', based on the symmetry coordinates (44), 
be represented by 


b 0 
g i 
h 

L 


Then the following expressions are required for computing 
the four mean-square amplitudes of vibration, according 
to the described approximation method. 
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U,HU,=tlats), 


2[asin“a + o(R/D)cos*A - £(8/D)* 


= 


[ 1/(R*+D°+2RDcosA) }[4 (ate) (R+Doosa) 2 


+ b(D+RcosaA)~ + (c+h)RDsin“A 


= 
=z 
Cc 
" 


+ (D+RcosA) 
+ ote (D+RoosA) (RD) sina 


+ (RD)* sina] 


In these equations, the column matrices U, are defined 


38 r= U,S (5.49) 


where S represents the symmetry coordinates (44), given 
as a column watrix, and determined by the transeforwa tion 
(46). 


Numerical computatione for formaldehyde. The F 
and G matrices have been taken from Bakken's *) caloula- 
tions, and are given numerically in the following. The 
applied units for the F and G matrix elements are mdyne ih 
and Awu, respectively. 


8, 
Ss, 4.5416 0 
Species A, roe 12.1909 0.5261 
8, 1. 1692 


*) See footnote p.23. The e2leulations are based on data from 
Herzterg (64). 
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by 
| 
7) 


Species B 


Species A, 


Species B 


2 


cases are 1280 - 2874 cm 
tively. Both of theee ranges are within the allowed 


4 


4.3492 


1.1212 


0. 06849 


0.6176 


-0. 05580 


0. 1458 
55 


~0.2114 
1.5902 


3 


0.07431 


-0. 1109 
1.2624 


The resulting formulae for the mean-square ampli- 


of vibration are: 


1.0753u 5.15788 + 0.2253 9.047838 , 
0.14580 = 0.27056 + 0.08365y- 0.049556 , 
1,.9841a = 7.52366 + 0.083¥y 0.52488, 


1.05460 3.48508 + 0.5137y - 0.37818 


(5.50) 


Here the normal vibrations from both of the species 
(A, and B,) contribute to the interatomic distance devia- 
tions for tne C-H and H~-0O pairs, but only those from A, 

to C-0 and H---H. The actual frequency ranges in these two 


1 


and 1503 - 2780 om’, respec- 
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Table XLIV. Approximate and rigorous mean amplitudes of 
vibration at 298 °K in formaldehyde (A units). 


Distance. Rigorous’) 
I II III 
C-H (0.0384) (0.0791) (06,0788) 0.0798 | 0.0801 
0.0370 0.0373 0.0377 0.0375 0.0372 
(0.0908) (0.1151) 0.1194 0.1201 0.1170 
E--0 (0.0785) (0.0913) (0.0939) 0.0944 0.0912 


Reference (1°). 


interval for the approximation IV at 298 %K (see Table 
XXXVIL), but also the approximation III will probably 
give reasonable results fcr u,_, and u,.,. Furthermore, 
since the C-0 distance deviations depend mainly on %5 
(1503 om"), probably alsc the approxinations I and II 
are applicable for Yo_o* The calculated results are 
given in Table xLIV, together with the rigorously 
Calculated values 40). The percentage deviations are in 
some cases unexpectedly large (especially for UaeH and 
Uy... 0 by approximation IV), but they still do not 
exceed some few percent. 


5.7. Discussion 


It may be stated that the accuracy (about 0.5 
percent error) of the mean amplitudes of vibration 
based on the four-constant hyperbolic cotangent 
approximation, is sufficiently high for any practical 
purpose at present. Because of the inclusion of the 
two additional terms and however, the 
approximate computations are not always simple. In 
fact the rigorous lL. matrix method may be preferred in 
many cases. 

Still one advantage of the approximation method 
remains, namely the fact that the mean amplitudes of 
Vibration for several simple molecular models may be 
expressed explicitly according to this method. 
Moreover, the approximate computations are rather per- 
spicuous, although they may be laborious. Probably the 
approximation method may have some importance for 
machine solutions of mean amplitudes of vibration in 
the future. 
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6. THE USE OF MEAN AMPLITUDES OF VIBRATION IN 


FORCE CONSTANT DETERMINATIONS 


6.1. General introduction 


Definition of vibrational constants. As stated 
previously (chapter 1), the rigid model of a polyatomic 
molecule of given symmetry in its equilibrium position, 
is defined by a certain number of parameters. To define 
the non-rigid model, an additional set of parameters are 
required, and will here be referred to as vibra - 
tional constants. *) In addition, the 
term “complete set of vibrational constants" will be 
used to designate a set of independent vibrational cons- 
tants which are sufficient for defining the vibrating 
structure. Only small harmonic vibrations will here be 
concerned. Some examples of vibrational constants are 
given in the following. 


(4) Normal frequencies. The set of normal frequen- 
cies for a polyatomic molecule usually represents an in- 
complete set of vibrational constants. 


(ii) Force constants. A complete set of force 
constants (including all interaction terms) is a complete 
set of vibrational constants. 


(iii) Mean amplitudes of vibration. The mean 
amplitude of vibration for any type of (bonded or non- 


*) Confusion should be avoided, although the term “vibrational 
constant" is used in some different meanings in the literature. 


Be 


bonded) interatomic distance in a polyatomic molecule 
is a type of vibrational constants. The whcle set may 
be complete or incomplete. 


(iv) Mean-square amplitude quantities. If the 
mean-square amplitude matrix is based on a complete 
eet of internal coordinates, its elements (i.e. the 
mean-square amplitudes of vibration and the interaction 
mean-square amplitudes) will represent a complete set 
of vibrational constants. 


Discussion of the vibrational constants. A mole- 
cule with N atoms and no internal rotation will now be 
considered. Hence its whole intramolecular wotion may 
be described by the vibrational modes. There exist: 


N-i1 linear vibrational modes for a linear mole- 
cule, 

2N-3 in-plane vibrational modes for a planar 
molecule, and 

3N-6 vibrational modes in the general case. 


This will give the number of normal coordinates, as 
well as arbitrary internal coordinates of a complete 
set, which describes the appropriate vibrational modes. 
The number of normal frequencies may be decreased on 
account of the degeneracy, depending on molecular 
symmetry. 

In general, the number of vibrational constants 
of a complete set is dependent on the molecular 
symmetry. *) In Table XLV some examples are shown. The 


*) Let the nornal modes be distributed among the symmetry species 


according to 


7 
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Table XLV. Numbers of vibrational constants in specific 


molecular models. 


Molecular 


Normal 


Vibratienal 
model frequencies’) amplitudes”) constants 


Diatomic Hos HCl 1 1 1 
xy, (D,) co, 2 2 2 
x¥zZ cos 2 3 3 
xY, | H,0 3 2 4 
x, P, 3 1 3 
3 4 4 
xy, (D,,) BC, 3 2 4 
xy, (c,.) NE, 4 2 4 
CH,0 5 | 4 9 
xy, 4 2 
8 4 12 
x,y, (V,) CH, 9. 6 15 
CH, 11 7 23 
14 10 26 


% Only the linear vibrations for the linear molecules and 
in-plane vibrations for the planar molecules are taken into 
account. 


173 


Table XLV (Continued). 


b) Number of mean amplitudes of vibration for all the types 
of bonded and non-bonded atom pairs. 


% Number of vibrational constants of a complete set, accor— 
ding to the definition in the text. 


) Planar ring structure is assumed. 


table contains also the number of normal frequencies in 
the specified molecular models, as well as the number 
of mean amplitudes of vibration for all the tyoes of 
(bonded and non-bonded) interatomic distances. In 
principle, all the normal frequencies are obtainable 
from spectroscopic data, and the mean amplitudes of 
vibration from electron-diffraction data. 

It should be pointed out that the considerations 
leading to the figures in Table XLV are rather schematic. 
In reality the situation is more complex in the majority 
of cases, for instance for the following reasons: (a) 
The normal frequencies of isotopically substituted 
molecules give some additional information which very 
often has great importance for the solution of the vibra- 
tional problem. (b) Practical difficulties frequently 
reduce the number of mean amplitudes of vibration 


where the irreducible representctions are denoted by r™, 
Then the number of vibrctional constants in a complete set 
is given by 


As an example, one has for the cyclopropane molecule accer— 
ding to equation (2.57): 
27. 
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obtainable by electron-diffraction, e.g. the impossi- 
bility of resolving the peaks of the radial-distribution 
curve for distances of nearly the same magnitude. (c) 
Some ambiguities leading to alternative sets of vibra- 
tional constants will ocour when quadratio or still 
higher-power secular equations are involved. 

Nevertheless, the table tends to give an idea of 
the nature of the particular problems, and the possibi- 
lities to solve them by different methods. 


Use of mean amplitudes of vibration in force 


constant determinations.*) It is seen from the fore- 
going discussion that the knowledge of some mean ampli- 


tudes of vibration, obtained from electron-diffraction 
measurements, may serve as additional information to the 
normal frequencies from spectroscopic data, for deter- 
mining the force constants of the molecule. The first 
successfull results in this field have been achieved 

by Morino et al. (99), who studied the germanium tetra- 
chloride and carbon tetrachloride molsocules. 

In the present chapter, the possibility will be 
examined, of applying the mean amplitudes of vibration 
for determining the complete harmonic forces field of 
the boron trifluoride molecule. Next the germanium tetra- 
chloride molecule will be studied, and the usefullness 
of the new secular equation method, described in chapter 
4, will be demonstrated. 


6.2. Discussion of the boron trifluoride molecule 


Por the theoretical treatment of the plane symmetri- 


*) See also section 1.5. 


6.2. 


cal XY, molecular model, reference is made to section 
2.3. 


Specification of the problem. For the in-plane 
vibrations of the planar symmetrical XY, molecules: (see 
Table XLV) there are four harmonic force constants, of 
which three belong to the species E'. This species 
Contains only two normal frequencies if a specific 
molecule is considered. Here the “RP. molecule will 
be considered, and any constructued force field shall 
be adjusted to the vibrational frequencies quoted in 
Table VI. When this condition is fulfilled there still 
remains an ambiguity as to the three force constants 
of the E' species, since one additional piece of infor- 
mation ise required for a complete determination of the 
force field. *) In the following, the influence on the 
force constants will be discussed, when various values 
of mean amplitudes of vibration are chosen. 


Calculation of force constants for boron tri- 
fluoride. The frequency 888 om”! (Table VI) gives the 
value K, = 8.8236 mdyne a7 without ambiguity for the 
force constant of the species Aj. The solution for 
real values for the force constants of the species 
E’, viz. K,,® and [, limite the range allowed for each 
of them. From equations (2.52) the interaction constant 


mayne A7~' unite is found to be 


-6.7036 S$ 0.35953 . 


The force constant ellipse is reproduced in Fig. 19 
(of. Pigs. 9 and 13). Some of the values on the full- 


*) In this argument the ambiguity in force constants arising 


from the quadratic secular equation has not been included. 
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1453.8 cm 


and 480.4 ca 


ef species E’. 


Table XLVI. Various sets of force constants and mean amplitudes 
of vibration of ‘typ, consistent with the frequencies 


Force constants (mdyne gt 


Mean amplitudes at 208°K (A) 


r Ke ® be 
A 0.35958 3.2051 1.0684 0.04850 0.08726 
0 5.5168 0.5973 0.04358 0.08652 
c 7.0492 0.5029 0.04244 0.05549 
D —1.0 8.2443 0.5210 0.04273 0.08443 
9.2600 0.5988 0.04359 0.08336 
10.1495 0.7188 0.04490 0.05226 
—3.0 11.6330 1.0568 0.04838 0.04999 
4.0 12.7702 1.8109 0.05270 0.04761 
I 5.0 13.5259 2.0019 0.05776 0.04510 
J 6.0 13.6878 2.8708 0.06391 0.04245 
K -6.7096 12.0201 4.0097 0.07197 0.04049 


drawn ourve are listed in Table XLVI. 

The values corresponding to the stippled curve of 
Fig. 19 appear to be less reliable than those of the 
full-drawn curve for the following reasons: (a) The 
values of @ seem to be relatively too large since this 
is an angle bending constant. (b) At the lower part of 
the stippled ourve (A - H) the bond-bond interaction 
constants k' [see equations (2.53)| appear to be too 
large in cowparison with the respective B-F stretching 
force constants k. For the numerical values, see Table 
XLVII. (c) At the upper part of the curve the absolute 
magnitudes of the interaction constant f are unreliably 
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Table XLVII. Various sets of the B-F stretching force 
constants (k), and the bond-bond interaction constants (k') ef 

‘wr, consistent with the frequencies quoted in Table VI. 
Units: mdyne 


Full—drawn curve(Fig.19) Stippled curve (Fig. 19) 
k' 


k 
A 5.0779 1.8728 
B 6.6190 1.1023 
Cc 7.6406 0.5915 
D 8.4374 0.1931 
E 9.1146 —0.1455 
F 9.7075 —0.4420 
G 10.6971 —0.9368 
11.4546 —1.3155 
11.9584 1.5674 
K 10.9606 1.0685 


5.0779 
4.1357 
3.9470 


1.8728 
2.3439 


jected. 


Mean amplitudes of vibration. 
of vibration (u) at 298 °K for the B-F and PP distances 
in "\BP,, corresponding to each of the points A - K of 
Pig. 19, have been calculated and are represented graphi- 
Cally by Fig. 20. The values of the full-—drawn curve are 
included in Table XLVI. The F-F mean amplitudes of vibra- 
tion from the two sets of force constants with a given 
value of [, are coincident. 

By an inspection of Fig. 20, it is found that the 
B-F mean amplitude of vibration in some instances is 
unreliably large, compared to the corresponding F-F mean 
amplitude of vibration. This is the case for the values 


large. For the last argument (oc) also the force constants 
> of the upper part of the full-drawn curve should be re- 


The mean amplitudes 
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2.4383 
3.9831 2.4202 
4.1388 2.3424 
4.3787 2.2224 
5.0548 1.8844 
5.9631 1.4303 
7.1250 0.8493 
8.6828 0.0704 
10.9606 ~1.0685 


(H) 


F B 


Fig.20. Mean amplitudes of vibration at 298 °K for !!nr 
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on the stippled curve, and in the whole of the left hand 
part of the diagram. Hence the values on those parts of 
the curves should be rejected, in perfect agreement 
with the discussion of the force constant values above. 


Discussion. If one of the mean amplitudes of 
vibration of the molecule here considered is known, in 
addition to the normal frequencies, two alternative 
sete of force constants may be selected. With the pre- 
cise knowledge of both of the mean amplitudes of vibra- 
tion, the values being consistent with the curves of 
Pig. 20, and the normal frequencies, the proper set of 
force constants could be determined without ambiguity. 

In the following discussion it will be assumed 
that the actual values are found within the range A to 
G of the full-drawn curves of Pigs. 19 and 20. This 
corresponds to -3.0 0.35953 in mayne Both 
of the mean amplitudes of vibration vary by * 6 to 7 
percent within this range. The influence on the force 
conetante K, and ® of this variation is found to be 
+ 57 ana + 36 percent, respectively. Hence the rough 
conclusion may be drawn, that an uncertainty of at most 
1 or 2 percent in the mean amplitudes of vibration is 
required, if they are supposed to be of some value in 
the force constant determination. The required accuracy 
for the B-¥ mean amplitudes of vibration depends some- 
what on its wagnitude, and is greatest at the minimun 
of the curve of Fig. 20, i.e. in the vicinity of the 
point C. 

The mean amplitudes of vibration of boron tri- 


fluoride have not been investigated by electron-diffraction 


so far. 


|_| 
| 
5 
| 
50 


Compatibility with the observed frequencies for 
Opp. The computed force constants (Table XLV) were 
applied for calculating the vibrational frequencies of 
the species E' (¥5 and %,) for Opp. according to 
equations (2.52). The results are listed in Table 
XLVIII. It is seen that the whole range of real force 
constants yields comparatively acceptable results, the 
deviations from the observed frequencies (see Table VI) 
amounting to about + 3.5 percent. It should be noted 
that the greatest discrepancies occur at the least 
reliable range of the force constants. 

In the previous calculations (chapter 2), the 
experimental value of was used, together 
with the frequencies for BF,- The results from that 
calculations correspond to a point on the curves of 
Pigs. 19 and 20 between C and D. 


Table XLVIII. Calculated frequencies of species E' for 


and their deviations from observed values. 


Dev.(4) Dev. (4 


A 1512.9 +0.54 480.4 —0.33 
B 1510.0 +0.35 481.3 0.15 
Cc 1505.8 +0.07 482.6 +0.12 
D 1501.7 484.0 +0.41 
E 1497.6 —0.47 485.3 +0.68 
F 1493.4 —0.75 486.7 +0,.98 
G 1485.1 —1.30 489.4 
H 1476.7 —1 .86 492.2 +2.12 
I 1468.2 —2.43 495.0 +2.70 
J 1459.6 ' —3.00 497.9 +3.30 
K 1453.5 —3.40 500.0 +3.73 
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6.3. Treatment of the germanium tetrachloride molecule 


A theoretical treatment of the tetrahedral XY, 
molecular model is given in: section 4.5. In species F, 
of this model, there are two normal frequencies and three 
force constants, viz. Ks, >, and |. Here the germanium 
tetrachloride molecule will be treated, and the connec- 
tion between the force constants of species Po and the 
mean amplitudes of vibration will be studied. Two 
different methods will be applied, namely Morino's 

simple approximation method, and the secular equation 
method described in chapter 4. 


Application of Morino's simple approximation. 
All of the vibrational frequencies of germanium tetra- 
chloride (see Table XXXII) are far’ below 1200 om”. 
Hence the application of Morino's approximation (5.3) 
is justified in this case. According to this approxima- 
tion it is found, for the mean-square amplitudes of 
vibration for the two types of interatomic distances 


in XY, [see equation (5.4) and Table XXXVIII], that: 


2 


(6.1) 


2 
h ma 


3K, 9>, 


° (6.2) 


The notation is the same as that previously used. A 
further simplification may be introduced by | see (4.50) | 


Ag 
thy) hy 


é 
Ks >, -f (6.3) 


With the numerical values for germanium tetrachloride 
one has at 298 x: 


F-04100 
0.0¢0 


0.070 


P0.060 
0.050 
mdyne/A 
-0,31560 O 0.5 4.0 4.3908 


Fig. 21. Mean amplitudes of vibration at 208 °K for GeCl, 


according to Morine's simple approximation, and consistent 
with the observed frequencies. 
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Fig. 22. Mean-square amplitudes of vibration at 298 °K for 


germanium tetrachloride, consistent with the observed 
frequencies. (See also Fig. 15.) 


| 


6.3. 


To obtain the mean-square amplitudes of vibration in A? 
units, the units mdyne A7' should be used for the force 
constants in equations (4) and (5). The force constant 
ellipse, showing the variation of the force constants 
Ks, >, and [ in germanium tetrachloride, is given in 
Fig. 13. In Pig. 21 the approximate mean amplitudes of 
vibration, viz. and Calculated according 
to equations (4) and (5), are plotted against the inter 
action constant 


Application of the secular equation method. The 
secular equation (4.11) has proved to be useful in the 


present kind of study. Its application to the germanium 
tetrachloride molecule is given in section 4.5, where 
equations (4.51) should be consulted in particular. The 
ellipse showing the variation of the mean-square ampli- 
tude matrix elements of the species P, (vis. z, 2, and 
Z,,4) at 298 °K, is given in Pig. 14, and ie sintlar to 
the force constant ellipse of Fig. 13. Another ellipse 
has been obtained (Pig. 15) by a traneformation of the 
mean-square amplitude quantities to the mean-square 
amplitudes of vibration for the bonded and non-bonded 
interatomic distances (viz. and This 
ellipse is also reproduced in Pig. 22, together with a 
dotted ourve, showing the values obtained from Morino's 
simple approximation (of. preceding paragraph). If the 
mean-square amplitudes of vibration defining a point of 
the ellipse of Fig. 22 were known, the & matrix and sub- 
sequently the force conetants could be caloulated, 
according to the secular equation method described in 
chapter 4. It is emphasized that the new secular equa- 
tion(4.11) makes it possible to performe these calcula- 
tions without any graphical interpolation. 

In the following paragraph, the calculations 
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outlined above will be performed with the use of eleo- 
tron-diffraction values of mean amplitudes of vibration. 


Inclusion of electron-diffraction values. Morino 
et al.(%) have found the following electron-diffraction 
results for tne mean amplitudes of vibration in germa- 
nium tetrachloride: *) 


= (0-0474 = 0.0020) A, 
= (0-0979 0.0033) A. 


For the square values one obtains 0. 0022468 A® ana 
0.009584 42, respectively, or the following intervals, 
if the limits of error are included: 


00020612 0.0024404 A* , 


2 


Wa 2 
0-006949 A 0.010241 A“ 


The proper temperature is not estimated with exactness 

by the eleotron-diffraction experiments, but is here 
assumed to be about 298 °K. The values may be plotted 

on the diagram of Fig. 22, to decide whether they are 
compatible with the spectroscopic vibrational frequencies. 
As a matter of fact the electron-diffraction values, in- 
cluding their error limits, do coincide with a certain 
part of the curve. Moreover, the results from the 
approximations (9), (h), (i) and (j) (see Pig. 15 and 


*) Professor Y. Morino ard Mr. T. Tijima have kindly 
supplied these results before publication to the 
author, who wishes to express his gratitude. 


t 


0.0046. 


Electron- btraction value 


: 
E lectron-dif va lue, ue 


0.0080 0.0085 0.0090 Qaogs 0.0400 0.0105 A 


Fig. 23. Part of the mean-square amplitude ellipse (Fig.15) 
for gernanium tetrachleride at 208 “K, including the electron 
diffraction values. 


the connected text) are in the same vicinity. An en- 
larged reproduction of the actual part of the diagram 
here considered, is given in Fig. 23. It is seen that 
the experinentally determined interval for ae 
defines a narrower part of the curve that that for 
ape in spite ~ the fact that the limits of error 
are greater for Therefore it is to 
use the electron-diffraction value for Yo.-Cl to cal- 
Culate a definite set of force constants of germanium 
tetrachloride. 
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6.3. 


Table XLIX. Calculeted force constants and mean-square 
amplitude quantities of germanium tetrachloride by inclusion 
of the electron-diffraction value 0.0979 1. 


Force constants Mean-square amplitudes (A) 
(mayne T= 208 

K 1 3.2912 0.0016116 
, 0.12128 Ep 0.035076 
K 4 2.7569 ty 0.0021875 
0.17152 0.027452 
0.17860 —0 .0021314 
2.8905 0.0020435 
0.13385 —0.0001440 
0.17152 0.025418 
t,* 2 0.02512 —0.0058460 
6,8; 0.12629 —0.0020338 
—0 0060284 

0.0060284 


In the present calculations, using cen = 


0.009584 a, the corresponding mean-square amplitude 

of vibration for Ge-Cl is found to have the value 
0.0020435 A*, 1.0. = 0.0452 A. This result may 

be considered as compatible with the eleotron-diffraction 
measurements, although it falls just outside the repor- 
ted error limits. In Table XLIX the calculated mean- 
Square amplitude quantities and force constants are 
listed. Por the applied symbols, references are made 


to eection 4.5. The L. matrix elements are found in 


Clectron-ditfractiron 


4 
2.7 - 
' 
2.6 - | 
£ 
© 
asq \ 
24 4 
(h) 
2.3 4 { 
| 
0.10 0.45 0.20 0.25. mdyne/A 


Pig. 24. Part of the force constant ellipse (Fig.13) for 
gernanium tetrachloride, including the result from 
electron-diffraction. 
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6.3. 


Table L. Tabulation of the L. matrix elements for germaniun 
tetrachloride in (awa) units. 


GeCl, a, a, a, 
0.16794 
0.29088 
0.21571 00622 
0.16008 0.32242 


Table L. A part of the ellipse for the force constants 
(of. Fig. 13) is drawn in Pig. 24, where the results 
of the present calculations are indicated, together 
with the whole range correeponding to the reported 
limite of error for up,,..; from electron-diffraction. 


7. COLLECTION OF NUMERICAL VALUES OF MBAN: AMPLITUDES 


OF VIBRATION AND MEAN-SQUARE AMPLITUDE MATRIX ELEMENTS 


In the following tables, a collection of numerical 
results is presented, from the work of the present author. 
Por details of the caloulations as well as explanations 
of the applied symbols, references are made to the ori- 
ginal publications. 

Some approximate calculations using the four-cons~- 
tant approximation for the hyperbolic cotangent, are not 
included here. For this subject, references are made to 
chapter 5 and one of the publications (4). 


Table LI. Mean amplitudes of vibration, calculated from 


spectroscopic data, by the rigorous method. 


Mean amplitude in A Reference 

T=0 208 °K 

0-0 0.03945 0.03951 

13,5 0.03424 0.03425 (**) 
2 0-0 0.03945 0.03951 

1405 c-O 0.03394 0.03396 (*1) 
2 0-0 0.03945 0.03951 

cs, c-s 0.0383 0.0387 (41) 


0.0396 0.0412 
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7. 
Table LI (Continued). 
Molecule Distance Mean amplitude in A Reference 
T= 0 298 °K 
CSe, C~Se 0.0381 0.03997 (41) 
Se--Se 0.0341 0.0404 
cos 0.0349 0.0349 (41) 
c-s 0.0383 0.0387 
0.0405 0.0410 
COSe 0.0349 0.0350 (44) 
0.0387 0.0390 
0~-Se 0.0398 0.0414 
C8Se 0-8 0.0384 0.0389 (+4) 
C-Se 0.0384 0.0397 
0.0376 0.0410 
CsTe 0-8 0.0390 0.0396 (*4) 
C-Te 0.0305 0.0418 
0.0381 0.0433 
14,5 N-O 0.0382 0.0382 (1°), (*) 
2 o-0 0.0459 0.0469 
0.0378 0.0379 (2°) ,(*) 
a o-0 0.0461 0.0469 
PP 0.0464 0.0811 (*) 
lige BF 0.0424 0.0425 @),(*) . 
3 0.0517 0.0552 
1156) Bl 0.0478 0.0491 
3 Cl-€1 0.0536 0.0689 
1155 B-Br 0.0479 0.0506 (24) 
Fs 
Br.-Br 0.0461 0.0726 


Table LI (Continued). 


Mean amplitude in A 


0.1013 


0.1039 


Molecule Distance Reference 
T=0 208 

115, BI 0.0508 0.0570 (2) 
3 a 0.0449 0.0848 

0.0727 
0.1236 

0.0618 (*) 
0.1040 

Ge-Cl 0.0403 0.0458 ] 

0.0681 0.1014 

0.0761 0.0761 (43) 
U.0472 0.0485 
0.1285 0.1286 
H-Cl 0.1246 0.1252 

C—D 0.0652 0.0652 (43) 
0.0489 0,0503 
DD 0.1090 0.1004 
D-Cl 0.0980 0.0997 

CH, Br C—H 0.0759 0.0759 (43) 
c-Br 0.0494 0.0519 
E-H 0.1301 0.1302 
0.1193 0.1204 

cD, Br c—D 0.0651 0.0651 (*3) 
C-Br 0.0489 0.0515 
D-D 0.1100 0.1106 
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7. 
Table LI (Continued). 
Molecule Distance Neon emplitude in A Reference 

T=0 208 °K 

CH,I On 0.0758 0.0758 (#3) 
0.0611 0.0549 
0.1309 0.13811 
E--I 0.1229 0.1247 

0.0649 0.0649 (*3) 
0.0503 0.0543 
DD 0.1107 0.1113 
DI 0.1043 0.1081 

0.0772 0.0772 (33) 
(Allene) C~H 0.1010 0.1015 
C-H 0.1138 0.1144 
C=C 0.0400 0.0401 
oC 0.0450 0.0451 
0.1272 0.1278 
0.1642 0.1716 

C.D, c-D 0.0656 0.0656 (33) 
(Alleue-d,) C~D 0.0877 0.0888 
C~-D 0.0989 0.1005 
C=C 0.0399 0.0399 
cc 0.0450 0.0451 
0.1075 0.1080 
D-D 0.1388 0.1506 

on 0.0750 0.0750 (*) 
(Cycle— 0.1082 0.1090 
propane) 0.0510 0.0514 
0.1180 0.1181 


| 


Table LI (Continued). 


Mean amplitude in i 


0.0570 


0.0503 


Molecule Distance Reference 

T-0 208 °K 

0.1758 0.17838 (*) 
0.1316 0.1320 

C.D, c-D 0.0643 0.0643 (*) 
(Cycle— oD 0.0044 0.0064 
propane-d,) 0.0506 0.0811 
0.1007 0.1010 
Ds D, 0.1484 0.1552 
0.1187 0.1148 

0.0771 0.0771 (9), @5) 

(Bensene) Ci" 0.1000 0.1004 
0.0052 0.0960 
0.0928 0.0042 
0.0457 0.0459 
Cyc, 0.0534 0.0847 
0.0876 0.0597 
“By 0.1556 0.1561 
0.1918 0.1821 
0.1179 0.1191 

C.D, 0.0660 0,0660 
(Bensene-d,) 0.0889 0.0898 
C.D, 0.0835 0.0848 
0.0821 0.0839 
C.-C, 0.0455 0.0457 
0.0529 0.0843 
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Table LI (Continued). 


Molecule Distance Mean emplitude is A Reference 
T-0 208 °K 
(C,D,) DD, 0.1277 0.1206 (27) 
Dy"D, 0.1005 0.1112 
DD, 0.1012 0.1028 


(*) Present thesis. 


Table LII. Mean amplitudes of vibration, calculated from 
spectroscopic data, assuming simplified molecular models. 


Mean amplitude in A 


Molecule Distance Reference 
0 208 “x 
CH, C=C 0.0398 64) 
(Allene) 0.0473 
C=C 0.0401 
(Allene-d,) oc 0.0401 
0.0720 (*) 
(Cyel 0.0489 
o< { 0.0464 0.0467 
0.0606 (*) 
(Cyele— of 0.0476 0.0481 
reopened, 
C.-C, 0.0430 0.0431 (35) 
(Benzene ) CoC, 0.0523 0.0532 
0.0880 0.0597 


7. 


Table LII (Continued). 
Melecule Distance Mean enplitede in A Reference 
T-0 208 “x 
c,-c, 0.0424 0.0425 
(Bensene-d, ) 0.0517 0.0528 
CoC, 0.0573 0.0593 


(*) Present thesis. 


Table LIII. Tabulation of mean-square amplitude matrix 


elements at 298 aie ealculated from spectroscopic data. 


Molecule Species Mean—square amplitude in A? Reference 
298 °K 

0.001335! (*) 

0. 0015435 (*) 

Se, 0.0014588 (*) 

1209 A 0. 0007804 (*) 

2 ig 

0.0016122 

1209, 0.0007804 (*) 
Ay, 0.0015663 

0.0007804 
0.0015261 

* 

cs, 0.0008471 (*) 
A, 0.0021507 

CSe, Aye 0.0008063 (*) 
A 0.0023149 


7. 


199 


7. 
Table LIII (Continued). 
2 
Molecule Species Mean-square amplitude in A Reference 
208 °K 
2 1 "Ie 
A, 0.0076139 
—0.0007355 
ts 0.0018612 
0.0010477 (*),@% 
A 0.0074809 
—0.0007026 
B, 
P, A, 0.0040174 (*), 
E 0.0019687 
F, 0.0025611 
34 
Ay 0.001027 (31) 
0.002195 
E' 0.015103 
0.002763 
34 
M501, Ay 0.001242 (34) 
0.002999 
EB! 0.024279 
0.003521 
ty 0.003190 
E' 0.033563 
0.005572 


| 


Table LIII (Continued). 


2 
Melecule Species amplitude in 


Reference 
208 °K 
x 
Ay 0.001631 (#) 
ts 0.004051 
0.032465 
0.003261 
GeCl, A, 0.0016116 
E 0.035076 
0.0022655 
Fy 0.024504 
—0.0004577 


(*) Present thesis. 
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The principal scope of the present work is a 
spectroscopic study of mean amplitudes of vibration, 
under the approximate assumption of small harmonic 
oscillations. If the inetantaneous intramolecular 
distance between an arbitrary pair of atoms in a mole- 
cule is denoted by R, and the equilibrium distance by 
R.: then the oorresponding mean amplitude of vibration 
(u) is defined by 


u= [(R 


Chapter 1. A review is given of the work done in 
the field of mean amplitudes of vibration. The principles 
of determining mean amplitudes of vibration both from 
electron-diffraction and from spectroscopic data, are 
surveyed. Comprehensive tables of references to the 
studies of individual molecules are presented, as well 
as selected numerical values of mean amplitudes of 
vibration from the literature. 


Chapter 2. This chapter is initiated by the 
author's adaptation of matrix method of oaloula- 
ting mean amplitudes of vibration, which was originally 
developed by Morino et al. By this mwethod the complete 
potential energy matrix (F) must be established, to 
get the Kix coefficients of the expression 


k 


_SUMMARY_ 


Summary 


where r rT; is an interatonio distance displacement coordi- 
nate, and Q, represents the normal hagutineys- Then the 
mean-square amplitude of vibration (u* ) is given by 


= = >. 22, ootn(ngy,/2) ; = 1/kT . 
k 


The expressions of mean-square amplitudes of vib- 
ration are given for some simple moleoular models, viz. 
diatomic, linear symmetrical XY,, regular trigonal X,, 
Plane square X,, and the tetrahedral Ay molecular models. 

Next the present method is applied to the plane 
eyume trical XY, molecular model, and the calculations 
for boron trifluoride are reported. 

Finally the cyclopropane molecular model is 
treated, and the numerical computations for CHE and 
C5D¢ are reported. In this case one has twenty-one 
internal coordinates, twenty-seven harmonic force cons- 
tants, and fourteen normal frequencies. The normal 
frequencies were obtained from observed fundanentals 
taken from the literature and corrected for anharmonicity. 
Some approximations had to be introduced in order to 
decrease the number of unknowns in the force field deter- 
mination, although the normal frequencies from both C5He 
and CaD¢ were utilized. As the final result, the six types 
of mean amplitudes of vivration for cyclopropane and 
oyclopropane-d- at absolute zero and 2968 are tabula- 
ted. 


Chapter 3. It is pointed out that in many cases 
the rigorous computations of mean amplitudes of vibration 
may be greatly facilitated by assuming simplified mole- 
cular models. Still valuable results may be obtained if 
not a too great accuracy is claimed. These aspects are 
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Summary 


illustrated by an application to the C-H (0-D) am C-C 
mean amplitudes of vibration in the cyclopropane mole- 
cules, the results being compared with those from the 
rigorous Calculations. 


Chapter 4. The mean-square amplitude matrix (=) 
is aefined as 


== SS, 
where § denotes a set of internal coordinates re presen- 
ted by a column matrix. The mean-square amplitudes of 
vibration, viz. se 


i 
this matrix, the off-diagonal elemnts (245 = 5,55) 


» appear along the main diagonal of 


representing some quantities of a new type, referred to 
as the “interaction mean-square amplitudes". Two novel 
secular equations containing the L matrix are presented, 
viz. 


0 


and | 
IEF 
The characteristic values are 
A, = )coth(hpy, /2) 
and 
A, 4, = Thy, cotn(npy,/2) , 


respectively. The secular equations have certain advan- 
tages in solving the vibrational problems, and, depending 
on the special conditions, the new secular equation 


methods supplement Morino's kL. matrix method. In particular, 


| | 
| 


Summary 


the first one of the secular equations here reported is 
applicable for the calculation of force constants from 
known mean-square amplitudes of vibration. An isotope 
rule for the mean-square amplitude uatrices is also given. 

A treatment of the simple molecular models specified 
under the summary of chapter 2, is present, including som 
numerical examples. 

A theoretical study of the mean-square amplitude 
matrix for the bent symuietrical XY, molecular model is 
reported, as well as an application to nitrogen dioxide. 

A "mean-square amplitude ellipse” is worth while mentioning, 
showing the variation of the three mean-square amplitude 
matrix elements of the species Ay, possessing real values 
and being consistent with the two normal frequencies of 
this species. This graph is similar to the familiar force 
constant ellipse, which in the case of nitrogen dioxide 

is included in the present chapter. 

The final subject of this chapter is an extensive 
treatment of the tetrahedial XY, molecular model, with the 
application to geruwanium tetrachloride. For this molecule 
@ number of tentative approximations are used and discussed, 
such as the so-called "vaience force mean=square amplitude” 
and “central force mean-scuare amplitude" approximations. 
These approximations are analogous to the well-known 
valence force field and central force field, which also 
ere included in the present computations. The force constant 
and mean-square amplitude ellipses are given also in this 
case. 


Chapter 5. Morino et al. have evaluated an approxi- 
mate method for cowputing mean amplitudes of vibration, 
based on the approximation 


i t 
coth t = 
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Summary 


applied to t = hpr,/2 (p = 1/kT). By this method the 
computation of the L. matrix is avoided, but the F matrix 
is still required. In the present chapter an extension 
of this method is given, assuming 


Numerical values for the constants 9 are given, and have 
been adjusted to selected ranges of normal frequencies 
(%,) by a least-squares method. It is pointed out that 
the approximate methods may be applied for computing 
the whole mean-square amplitude matrix, and not only 
the mean-square amplitudes of vibration. 

The expressions of the approximate mean-square 
amplitudes of vibration according to the present method 
are given for the linear symne trical XY, molecular model, 
tetranedral Xa, linear YXZ, linear symuetrical X5Yo, 
plane symmetrical XY,, and the XY, molecular 
models. Numerical examples for BF, and Gecl, are in- 
cluded. 

Next the plane symustrical XYZ molecular model 
is treated theoretically, and the calculations of mean 
amplitudes of vibration for formaldehyde are reported. 

As a conclusion it is stated that the four-cons- 
tant hyperbolic cotangent approximation leads to fairly 
good results (about 0.5 percent error in the mean ampli- 
tudes of vibration), but the computations are not always 
simple, so that the L. natrix method in many cases may be 
preferred. 


Chapter 6. This chapter is concerned with the 
problem of using wean amplitudes of vibration obtained 
from electron-diffraction, in addition to the normal 
frequencies, in the detection of the force field of a 


Summary 


polyatomic molecule. A special definition of a vibrational 
constant is used to classify the various cases of the 
problen. 

In the case of “ar. there exist two normal frequen- 
cies and three harmonic force constants belonging to the 
species E'. To calculate the complete harmonic force field, 
the additional information of either the mean amplitudes 
of vibration, or a normal frequency for an isotopic mole- 
cule, say pp. may be utilized. These aspects are dis- 
cussed in the present chapter, and the rough conclusion 
is drawn, that an uncertainty of not more than 1 or 2 
percent in the mean amplitudes of vibration is required, 
if they are expected to be of some value in the force 
constant determination. 

A similar situation to that of the E' species in 
the above case, occurs in the species Py of tetrahedral 
XY, molecules. As an illustration, the germanium tetra- 
chloride molecule is treated, and the usefullness of the 
new secular equation wethod is demonstrated. In a diagram 
the ellipse of the mean-square amplitudes of vibration, 
consistent with the observed vibrational frequencies, is 
drawn together with the curve obtained from Morino's 
simple approximation. This approximation proves to be 
very good in the present case. The electron-diffraction 
values of mean amplitudes of vivration of GeCl,, produced 
by Morino et al., appeared to be compatible with the mean- 
square amplitude ellipse, within their limite of error. 

In the present calculations the value for the non-bonded 
atom pair, viz. Cl~Cl, was used for caloulating the complete 
force constant matrix of the Py species for the molecule 
under consideration. 


Chapter 7. Here a collection of numerical results 
from the present author's calculations is given. Mean 
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amplitudes of vibration and mean-square amplitude elements 
are tabulated. 
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SUBJECT INDEX 


* Reference to numerical value. 
* Reference to chapter or section. 


Anharmonicity effect, 5, 8. 

Anharmonicity constant, 67; 
for oyolopropane and cyclopropane-d¢, 69-70. 

Approximate interaction mean-square amplitudes for linear 
molecular model, 153-4. 

Approximate mean amplitude of vibration; 
for boron trifluoride, 160%; 
for oyclopropane and o gyolopropane-dg, 85%, 877; 
for formaldehyde, 169%; 
for germanium tetrachloride, 160%, 184. 

Approximate mean-square amplitude matrix, 146, 147. 

11 pe meansquare amplitude of vibration, 140, 142, 
145; 
for boron triflucride, 159; 
for formaldehyde, 168; 
for germanium tetrachloride, 160, 183-4, 185; 
for linear symmetrical XYo molecular model, 148; 
for linear symuetrical XoYo molecular model, 156-7; 
for linear triatomic YXZ molecular model, 155-6; 
for plane symmetrical XY3 molecular model, 157; 
for plane symmetrical XY5Z molecula r model, 168; 
for tetrahedral 14 molecular model, 149; 
for tetrahedral XY, molecular model, 158. 

Approximate methods of caloulating mean amplitudes of vib- 
ration, 8, 139%. (See also: Refined approximate method 
of calculating mean amplitudes of vibration; Simple 
approximate method of calculating mean amplitudes of 
vibration. ) 


Bent symmetrical XY> molecular model, 103%; 
F matrix, 104; 
force constants, 104, 106; 
G matrix, 105; 
interatomic distance deviations, 108; 
mean amplitudes of vibration, 115; 
mean-square amplitude matrix, 106, 108; 
mean-square amplitude quantities, 106-7, 108; 
mean-square amplitudes of vibration, 108; 
normal frequencies, 107-8. 


Subject index 


potential energy function, 104; 
symmetry coordinates, 103-4; 
valence force coordinates, 103-4. 
BF2z, see: Boron trifluoride. 
Bofn approximation, 5. 
Boron trifluoride, 44-6, 158-9, 160, 175+; 
approximate mean amplitudes of vibration, 160%; 
approximate mean-square amplitudes of vibration, 159; 
force constant ellipse, 177; 
force constants, 45*, 176-9, 178%, 179%; 
L matrix elements, 457; 
mean amplitudes of vibration, 46%, 159%, 178%, 179-81; 
vibrational frequencies, 45%, 182%. 


gee: Cyclopropane and cyclopropane—-d¢. 

Central force coordinates, 93; 
for tetrahedral XY4 molecular model, 124. 

Central force field, 102; 
modified o.f.f. for germanium tetrachloride, 1337; 
modified o.f.f. for tetrahedral XY, molecular model, 152; 
simple o.f.f. for germanium tetrachloride, 1307; 
simple c.f.f. for tetrahedral XY, molecular model, 126. 

Central force mean-square amplitudes, 10it; 
definition, 102; 
modified c.f.m.s.a. for germanium tetrachloride, 1337; 
o.f.m.8.a. for tetrahedral molecular model, 
132; 
simple o.f.m.s.a. for germanium tetrachloride, 130-17; 
simple c.f.m.6.a. for tetrahedral moleoular model, 126. 

see: Cyolopropane and 

Yacter table for symmetry group 41, 49. 

Characteristic values of mean amplitudes of vibration, 6. 

CH20, see: Formaldehyde. 

COo, see: Simple molecules. 

Coordinates, see: central force coordinates; Internal coordi- 
nates; Normal coordinates; Redundant coordinate; Symmetry 
coordinates; Valence force coordina tes. 

CS,, eee: Simple molecules. 

csé » eee: Simple molecules. 

, and oyclopropane-d¢, 64-83, 85-7; 

anharmonicity constant, 69-70"; 

approximate mean amplitudes of vibration, 85%, 877; 

equilibriuu distances, 64%, 66%; 

force constants, 72-7, 73-47, 75-67; 

fundamental frequencies, 64, 65-6%, 67, 69-707; 

K matrix elements, 80-2%; 

L matrix elements, 78-97; 

mean amplitudes of vibration, 83%; 

normal frequencies, 67, 69--70*, 86%; 


Cyc 
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iry 
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Subject index 


product rule, 67, 687; 

Valence angle, 64%, 66%; 
Cyclopropane molecular model, 46 

matrix, 50-5; 

force constants, 50-5; 

G matrix, 55-8, 59-61; 

interatomic distance deviations, 62-4; 

interatomic distances, 58; 

internal coordinates, 47, 48, 50; 

estructural parameters, 46; 

symmetry coordinates, 48, 50. 


Diatomic molecule model, 25-7, 31-2; (See also: Two-particle 
molecular model. ) 
foree constant, 25, 32; 
interatonio distance deviation, 26; 
mean-square amplitude of vibration, 26, 32, 36, 97; 
normal coordinate, 25-6; 
normal frequency, 25, 32. 


Electron-diffraction, 3, 4*, 187. 

Ellipses, see: Force constant ellipse; Mean-square ampli- 
tude ellipse. 

Equilibrium distances for cyclopropane and oyolopropane-d¢, 
64%, 66*.(See also: Interatomic distances for oyolopro- 
pane molecular model.) 

Equilibrium parameters, see: Structural parameters. 


P matriz, 26-9, 89, 142; 
for bent symmetrical XYo molecular model, 104; 
for oyclopropane molecular model, 50-5; 
for formaldehyde, 167 
for linear symmetrical XY, molecular model, 355; 
for linear triatomic YXZ molecular model, 150; 
for plane symetrical XY3 molecular model, 42, 43; 
for plane symmetrical XY2Z molecular model, 163; 
for tetrahedral X4Y4 molecular model, 120, 125. 
Force constant, 7, 25, 171*; (See also: Potential energy 
function. ) 
for bent symmetrical XY5 molecular model, 104, 106; 
for boron trifluoride, 
for cyclopropane and cyclopropane-d¢, 72-7, 73-4%, 75-67; 
for cyclopropane molecular model, 50-5; 
for diatomic molecule model, 25, 32; 
for germanium tetrachloride, 130-1%, 133%, 134, 1897; 
for linear symmetrical XY> molecular model, 33-4, 95-6; 
for linear symmetrical Iolo molecular model, 154; 


for linear triatomic YXZ molecular model, 150; 
for nitrogen dioxide, 109, 114-5%; 
for plane square X4 molecular model, 36; 


Subject index 


for plane symuetrical XYz molecular model, 42-4; 
for plane symmetrical XY5Z molecular model, 163; 
for regular trigonal X%3 molecular model, 55, 87; 
for simple molecules, 100-17; 

for tetrahedral X4 molecular model, 37, 39, 149; 
for tetrahedral XY¥4 molecular model, 120-1. 

Porce conetant ellipse; 
for boron trifluoride, 177; 
for germanium tetrachloride, 1355, 190; 
for nitrogen dioxide, 110. 

Force field, see: Central force field; F matrix; Force cons- 
tant; Foroe constant ellipse; Potential energy function; 
Urey-Bradley force field; Valence force field. 

Formaldehyde, 167-9; 
approximate mean amplitudes of vibration, 1697; 
approximate mean-square amplitudes of vibration, 168; 

P matrix, 167-67; 

G matrix, 1667; 

mean amplitudes of vibration, 1697; 
Vibrational frequencies, 168-9". 

Pundamental frequency; (See also: Vibrational frequency. ) 
for boron trifluoride, 457; 
for cyclopropane and cyclopropane-d¢, 64, 65-67, 67, 69-70%. 


G matrix, 28-9, 89, 140, 142; 
for bent symuetrical XYo molecular model, 105; 
for cyclopropane asteoular model, 55-8, 59-61; 
for formaldehyde, 1687; 
for linear symmetrical XY molecular model, 453; 
for linear triatomic YXZ molecular model, 150; 
for plane symmetrical XY3 molecular model, 42-5, 45; 
for plane symmetrical XY2Z molecular model, 164, 165; 
for tetrahedral XY4 molecular model, 121, 125. 

GeCl4, see: Germanium tetrachloride. 

Germanium tetrachloride, 127-38, 159-60, 183*; 
approximate mean amplitudes of vibration, 160%, 184; 
approximate mean-square amplitudes of vibration, 160, 
183-4, 185; 
force constant ellipse, 155, 190; 
force constants, 130-1*, 133%, 134, 189%; 

L matrix elements, 1917; 

— amplitudes of vibration, 136, 138, 136%, 160%, 187%, 
; 

mean-square amplitude ellipse, 136, 137, 185, 188; 
mean-square amplitude quantities, 130-12 153%, 134, 189%; 
mean-square amplitudes of vibration, 1875, 1897; 
vibrational frequencies, 129%. 


Harmonic oscillator, 7, 25. 


218 


39% ; 
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index 


Hyperbolic cotangent approxitiation, 139, 140, 144%. 


interaction méan-square ampl:.tude, 8, 90-1; (See also: 
Mean-square amplitude quantity.) 
for linear triatomio YXZ molecular model, 152, 153-4. 
Interatomic distance deviation, 30, 93; 
for’ bent symmetrical ‘XY ‘noleoular model, 108; 
for cyclopropane molecular model, 62-4; 
for diatomic molecule model, 26; 
for linear’ symmetrical model, 34; 
for linear triatomic YXZ molecular model, 152; 
for plane symuetrical XYz moleoular model, 44; 
for:plane symmetrical -XYo% molecular model, 164, 166; 
for tetrahedral XY4 molecular model, 127. 


‘Interatomic- distances for cyclopropane molecular model,58. 


Internal coordinates, 27-8, 89-90, 93; (See also: Central 
force coordinates; Normal coordinates; Redundant coordi- 
nate; Symuetry coordinates; Valence foree coordinates. ) 
for éyclopropane molecular model, 47, 48, 50. 

Inverse kinetic energy matrix, see: G matrix. 


Isotope effect (on mean amplitudes of vibration), 8. (See 


also: Isotope rules). : 
Isotope rules, 94; (See also: Product rule.) 
for nitrogen 


K matrix, 30-1, 93; 
for cyclopropane and: ; 80-2*, 


L matrix, 27, 28-9, 89-91, ed 
for boron trifluoride, 4 
for cyclopropane and eyolopropane-d6, 78-95 ; 
for germanium tetrachloride, 19 
for nitrogen dioxide; -116*.- 
liftear: symue trical’ XYo molecular model, 32-4, 148; 
‘approximate mean-square of vibration, 148. 
F matrix, 
force constants; 35-4, 95-6; 
matrix, 
“interatomic di'stance deviation, 34; 
a2an-square amplitude matrix, 95, 96; 
aecan-square amplitude quatitities, 95-6; 
asan-square amplitudes of vibration, 34, 38, 96, 97; 
normal coordinates, 34; 
normal frequencies, 32, 33, 95; 
potential energy function, 33; 
symmetry coordinates, 32, 34. 
Tinsar symnetrical XKoYo ui ar model, 154; 
aoproximate mean-square a:plitudes of vibration, 156-7; 
force constants, 154; 
potential energy function, 154. 
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linear triatomic YXZ molecular model, 149-54; 
approximate interaction mean-square amplitudes, 153-4; 
approximate mean-square amplitudes of vibration, 155-6; 
F matrix, 150; 
force constants, 150; 
G matrix, 150; 
interaction mean-square amplitudes, 152, 153-4; 
interatomic distance deviations, 152; 
mean-square amplitude matrix, 152; 
mean-square amplitude quantities, 152-4; 
potential energy function, 150. 


Matrix, see: F matrix; G matrix; K matrix; L matrix; Mean- 
Square amplitude matrix. 
Mean amplitude of vibration; (See also: Approximate mean 
amplitude of vibration.) 
definition, 1; 
for bent symmetrical XYo molecular model, 115; 
for boron trifluoride, 46%, 159%, 178%, 179-81; 
for cyclopropane and gyclopropane-d¢, 837; 
for formaldehyde, 169°; 
for germanium tetrachloride, 136, 138, 136%, 160%, 1877, 
189°; 
for nitrogen dioxide, 1177; 
for tetrahedral XY, molecular model, 138; 
references to literature, 10-15; 
values from literature, 16-24%, 192-87. 
Mean cross product, 2. 
Mean-square amplitude ellipse; 
for germanium tetrachloride, 136, 137, 185, 188; 
for nitrogen dioxide, 112, 113. 
Mean-square amplitude matrix, 89, 90-1, 93; (See also: 
Approximate wean-square amplitude matrix. ) 
for bent synmetrical XY> molecular model, 106, 108; 
for linear symuetrical fy. molecular model, 95, 96; 
for linear triatomic YsZ molecular model, 152; 
for tetrahedral XY, molecular model, 122, 125. 
Mean-square amplitude of vibration, 27-8, 90-1; (See also: 
Approximate mean-square amplitude of vibration; Mean- 
Square amplitude quantity.) 
definition, 1; 
for bent synmetrical XYp molecular model, 108; 
for diatowic molecule nodel, 26, 32, 38, 97; 
for germanium tetrachloride, 187%, 189%; 
for linear symuetrical XY2 molecular model, 34, 38, 96, 
for plane square X4 molecular model, 357, 38, 97; 
for regular trigonal X3 molecular model, 355, 38, 86, 87, 
97; 


Subject index 


for tetrahedral X4 molecular model, 38, 39, 97; 
for tetrahedral XYq4 molecular model, 127; 
for two-particle molecular model, 85. 

Mean-square amplitude quantity, 90-1; (See also: Approximate 
interaction mean-square amplitudes for linear YXZ molecu- 
lar model; Approximate mean-square amplitude of vibra- 
tion; Central force mean-square amplitudes; Interaction 
mean-square amplitude; Mean-square amplitude ellipse; 
Mean=-square amplitude of vibration; Valence force mean- 
Square amplitudes. ) 
for bent symuetrical XY5 molecular model, 106-7, 108; 
for germanium tetrachloride, 130-1%, 133%, 134, 189%; 
for linear symetrical XY5 molecular model, 95-6; 
for linear triatowic YXZ molecular model, 152-4; 
for nitrogen dioxide, 111, 114-5%; 
for siuwple molecules, 100-17; 
for tetrahedral X4 molecular model, 98; 
for tetrahedral XY4 molecular model, 122, 125-6; 
values from literature, 198-200*. 

Mean-square parallel amplitude, 2. 

Mean-square perpendicular amplitude, 2. 

Modified central force field, see: Central force field. 

Modified central force mean-square amplitudes, see: Central 
force mean-square amplitudes. 

Modified valence force field, see: Valence force field. 

Modified valence force mean-square amplitudes, see: Valence 
force mean-square amplitudes. 

Molecular model, see: Bent symmetrical XYo m.m.; Cyclo- 
propane m.m.; Diatomic molecule model; Iinear sym etri- 
cal XY5 w.m.; Linear symmetrical m.m.; Linear tri- 
atomic YXZ m.m.; Plane square m.m.; Plane symmetrical 
XY3 m.m.; Plane symmetrical XYoZ m.m.; Regular trigonal 
X3 m.m.; Simple molecular Tetrahedral X4 n.n.; 
Tetrahedral XY4 m.m.; Two-particle m.nm. 

Molecule, see: Boron trifluoride; Cyclopropane and cyclo- 
propane-d¢; Formaldehyde; Germanium tetrachloride; Nitro- 
gen dioxice; Simple molecules. 


Nitrogen dioxide, 109-17; 
force constant ellipse, 110; 
force constants, 109, 114-5%; 
isotope rules, 116-7; 
L watrix elewents, 116%; 
mean amplitudes of vibration, 1177; 
mean-square amplitude ellipse, i112, 113; 
mean-square amplituae quantities, 111, 114-5%; 
noruwal frequencies, 1097; 
valence angle, 115%. 
see: Nitrogen dioxide. 
Normal coordinates, 7, 27-8, 90; sh 


Subject index 


for diatomic molecule model, 25-6; 
for linear symmetrical molecular model, 34. 


Normal-coordinate analysis, 7. 
Normal frequency, 28, 89-90, 91; (See also: Vibrational 


frequency. ) 

for bent symmetrical XYp molecular model, 107-8; 

for cyclopropane and cyclopropane-d¢, 67, 69-70%, 86%; 
for diatomic molecule model, 25, 32; 

for linear symuetrical XYo molecular model, 32, 33, 95; 
for nitrogen dioxide, 109%; 

for plane square X4 molecular model, 35; 

for plane symmetrical XY3 molecular model, 44; 

for regular trigonal X3 molecular model, 34, 86; 

for simple molecules, 99%; 

for tetrahedral X4 molecular model, 37; 

for tetrahedral XY¥4 molecular model, 123; 

for two-particle molecular model, 85. 


see: Simple molecules. 


see: Simple molecules. 


Plane square X4 molecular model, 35-7; 


force constants, 36; 

mean-square amplitudes of vibration, 37, 38, 97; 
normal frequencies, 35; 

potential energy function, 36. 


Plane symmetrical XY3 molecular model, 39t, 155; 


approximate mean-Square amplitudes of vibration, 157; 
F matrix, 42, 43; 

force constants, 42-4; 

G matrix, 42-3, 45; 

interatomic distance deviations, 44; 

normal frequencies, 44; 

redundant coordinate, 42; 

symme try coordinates, 41-2; 

valence force coordinates, 40-1. 


Plane symmetrical XY2Z molecular model, 161*; 


approximate mean-square amplitudes of vibration, 166-7; 
F matrix, 163; 

force constants, 163; 

G watrix, 164, 165; 

interatomio distance deviations, 164, 166; 

symuetry coordinates, 161-2; 

valence force coordinates, 161-2. 


Potential energy function; 


for bent syumetrical XY> molecular model, 104; 
for linear symmetrical fy. molecular model, 33; 
for linear symuetrical XoYo molecular model, 154; 
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Subject index 


for linear symmetrical Y%Z molecular model, 150; 
for plane square X4 molecular model, 36; 
for regular trigonal X3 molecular model, 35; 
for tetrahedral X4 molecular model, 37; 
for tetrahedral X model, 120-1; 
Potential energy matrix, see: F matrix. 
Product rule, 67, 94; (See also: Isotope rules. oak, 
for cyclopropane and cyclopropane-d¢, 67, 


Radial distribution function, 4. 
Reduced mass, 7, 25. 
Redundant coordinate; 
for plane synmetrical XY¥5 molecular model, 42; 
for tetrahedral X¥q molecular model, 119, 124. 
Refined approximate me thod of: ‘ealoulating mean amplitudes 
of vibration, 8, 1407 $i 
for plane symuetrical "Xo: molecular nodel, 1617; 
for siwple molecular uodels,. 147+; 
hyperbolic cotangent. approxiuation, 140, 144%; 
interaction nean-square amplitudes for linear triatomic 
YXZ molecular model, 155-4; 
mean amplitude of vibration, 1607, 1697; 
mean-square amplitude matrix, 147; ; 
mean-square amplitude of vibration, 142, 143, 148, 149, 
155-8, 159, 160, 168; . 
numerical constants, 145%. 
Regular trigonal X3 molecular model ; 
force constants, 35, 87; 
for the oyclopropane ring, 86*; 
mean-square amplitude of vibration, 35, 36, 86, 87, 97; 
normal frequencies, 34, 86; 
potential energy function, 35. 
Representation (group-theoretical) ; 
of syumetry group Coy, 161; 
of symmetry group D3zy, 39-40, 41,. 48, 49. 
Rigorous nethod of calculating mean amplitudes of .vibration, 
6-7, 25+, 92, 139. 


So, see: Simple melectles. 

Seg, see: Simple molecules. 

Secular equation; 
application of secular equations, 91-33, 
ordinary s.e., 29, 89; 
secular equations involving mean-square amplitudes of 
Vibration, 8, 89%, 91, 186+7. 

Simple approximate wethod of nee ote mean | amplitudes 
of vibration, 8, 139-40, 183- 6 
hyperbolic cotangent approximation, 139, 1447; 


Subject index 


mean amplitude of vibration, 160%, 184; 
mean-square amplitude matrix, 146; 
mean-square amplitude of vibration, 140. 

Simple central force field, see: Central force field. 

Simple central force mean-square amplitudes, see: Central 
force mean-square amplitudes. 

Simple molecular models, 31+, 147%. (See also: Diatomioc 
molecule model; Linear symmetrical XY5 molecular nodel; 
linear symmetrical molecular model; Linear tri- 
atowic YXZ molecular model; Plane square X4 molecular 
model; Regular trigonal X3 molecular model; Tetra- 
hedral Xq4 molecular model; Tetrahedral XY, molecular 
model; Twoepartiole molecular model.) 

Simple molecules; 
force conetants, 100-1%; 
mean-square amplitude quantities, 100-17; 
normal frequencies, 

Simple valence force field, see: Valence force field. 

Simple valence force mean-square amplitudes, see: Valence 
force mean-square amplitudes. 

Simplified molecular models, see: Regular trigonal X3 
molecular model; Two-partiocle molecular model. 

Structural paraneters, 2; 
for oyolopropane and oyelopropane-a¢, 64%, 667; 
for cyclopropane molecular model, 46, 58. 

Symuetry coordinates, 29-30, 93, 141; 
for bent symmetrical XYp molecular model, 105-4; 
for cyclopropane molecular model, 48, 50; 
for linear syumetrical XYo molecular model, 32, 34; 
for plane symmetrical XY3 molecular model, 41-2; 
for plane symmetrical XY9Z molecular model, 161-2; 
for tetrahedral XYq4 molecular model, 119, 124. 


Tetrahedral X4 molecular model, 37, 39, 148-9; 
approximate mean-square amplitude of vibration, 149; 
force conetants, 37, 39, 149; 
mean-square amplitude quantities, 96; 
mean-square aluplitudes of vibration, 38, 39, 97; 
normal frequencies, 37; St 
potential energy function, 37. 

Totrahedral X¥4 molecular model, 118%, 155; 
approximate mean-square amplitudes of vibration, 158; 

central force coordinates, 124; 

central force field, 128, 132; 

central force mean-square amplitudes, 128, 132; 

F matrix, 120, 125; 

force conetants, 120-1; 

G matrix, 121, 125; 
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interatomic distance deviation, 127; 

mean amplitudes of vibration, 138; 

mean-square amplitude matrix, 122, 125; 

mean-square amplitude quantities, 122, 125-6; 

mean-square amplitudes of vibration, 127; 

normal frequencies, 123; 

potential energy function, 120-1; 

redundant coordinate, 119, 124; 

symmetry coordinates, 119, 124; 

valence force coordinates, 119; 

valence force field, 127, 132; a 

valence force mean-square amplitudes, 128, 132." 
Two-partiole molecular model, 84, 85; 

mean-square amplitude-of vibration, 85; ~ 

normal frequency, 85. 


Urey-Bradley force field, 90. 


Valence angle; 
for cyclopropane and oyclopropane-d¢, 64%, 667; 
for nitrogen dioxide, 115%. 
Valence force coordinates, 30; 
for bent symuetrical XYo molecular model, 103-4; 
for plane symuetrical XY3 molecular model, 40-1; 
for plane symmetrical XYoZ molecular model, 161-2; 
for tetrahedral X4Y, molecular model, 119. 
Valence force field, 402; 
modified v.f.f. for germanium tetrachloride, 1337, 159; 
modified v.f.f. for tetrahedral XY4 moleculer model, 132. 
simple v.f.f. for germanium tetrachloride, 1307; 
simple v.f.f. for tetrahedral XY4 molecular model, 127. 
Valence force mean-square amplitudes, 10i*; 
definition, 102; 
modified v.f.m.s.a. for germanium tetrachloride, 1337; 
modified v.f.m.s.a. for terahedral XY, molecular nodel, 
132; 
simple v.f.m.s.a. for germanium tetrachloride, 1307; 
simple v.f.m.s.a. for tetrahedral XY, molecular model, 128. 
Vibrational conetant, 171. 
Vibrational frequency, 7, 25; (See also: Pundamental frequency; 
Normal frequency. 
for boron trifluoriae, 45%, 1597; 
for formaldehyde, 168-97; 
for germanium tetrachloride, 129*, 160. 


X3, see: Regular trigonal X35 molecular model. 
X4, see: Plane square X4 wete 

molecular model. 
XY, see: Diatomic nolecule mwodél. 


cular model; Tetrahedral X, 


Subject index 


XYp, see: Bent symmetrical XYo molecular model; linear 
syumetrical molecular model. 

X¥3, see: plane symmetrical XY3 molecular model. 

XYq4, see: Tetrahedral XYq4 molecular model. 

XoYo, see: Linear symmetrical molecular model. 

XYZ, see: Linear triatomic YXZ molecular nodel. 

XY9Z, see: Plane symmetrical XY2Z molecular model. 


YXZ, see: Linear triatomic YXZ molecular nodel. 


P matrix, eee: mean-equare amplitude matrix. 


Z matrix, see: mean-square amplitude natrix. 
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